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ABSTRACT 
 
One of the interesting applications of metamaterials is the phenomenon of electromagnetic 
invisibility and cloaking, which implies the suppression of bistatic scattering width of a given 
object, independent of incident and observation angles. In this regard, diverse techniques have 
been proposed to analyze and design electromagnetic cloak structures, including transformation 
optics, anomalous resonance methods, transmission-line networks, and plasmonic cloaking, 
among others. A common drawback of all these methods is that they rely on bulk materials, which 
are difficult to realize in practice. To overcome this issue, the mantle cloaking method has been 
proposed, which utilizes an ultrathin metasurface that provides anti-phase surface currents to 
reduce the scattering dominant mode of a given object. Recently, an analytical model has been 
proposed to cloak dielectric and conducting cylindrical objects realized with printed and slotted 
arrays at microwave frequencies. At low-terahertz (THz) frequencies, one of the promising 
materials to realize the required metasurface is graphene. In this regard, a graphene monolayer, 
characterized by inductive reactance, has been proposed to cloak dielectric planar and cylindrical 
objects. Then, it has been shown that a metasurface made of graphene nanopatches owns dual 
capacitive/inductive inductance and can be used to cloak both dielectric and conducting cylindrical 
objects at low-THz frequencies.  
So far, planar and cylindrical dielectric and conducting structures have been studied. In our 
study, we have extended the concept and presented an accurate analytical approach to investigate
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the cloaking of two-dimensional (2-D) elliptical objects including infinite dielectric elliptical 
cylinders using graphene monolayer; metallic elliptical cylinders, and also, as a special case, 2-D 
metallic strips using a nanostructured graphene patch array at low-THz frequencies. We have also 
obtained the results for cloaking of ellipses at microwave frequencies.  
In this work, we propose a novel approach to reduce the mutual coupling between two 
closely spaced strip dipole antennas with the elliptical metasurfaces formed by conformal printed 
arrays of sub-wavelength periodic elements. We show that by covering each strip with the 
metasurface cloak, the antennas become invisible to each other and their radiation patterns are 
restored as if they were isolated. The electromagnetic scattering analysis pertained to the case of 
antennas with the frequencies far from each other is shown to be as a good approximation of a 2-
D metallic strip scattering cancellation problem solved by expressing the incident and scattered 
fields in terms of radial and angular Mathieu functions, with the use of sheet impedance boundary 
conditions at the metasurface.  
In addition, we extend the novel approach based on the concept of mantle cloaking in order 
to reduce the mutual near-field and far-field coupling between planar antennas in printed 
technology. To present the idea, we consider two microstrip-fed monopole antennas resonating at 
slightly different frequencies and show that by cloaking the radiating part of each antenna, the 
antennas become invisible to each other, and thus, the mutual coupling between the antennas is 
suppressed drastically. The cloak structure is realized by a conformal elliptical metasurface formed 
by confocal printed arrays of sub-wavelength periodic elements, partially embedded in the 
substrate. The presence of the metasurfaces leads to the restoration of the radiation patterns of the 
antennas as if they were isolated.
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 CHAPTER I 
CLOAKING OF ELLIPTICAL CYLINDERS AND STRIPS 
 
1.1 Introduction 
In recent years, electromagnetic invisibility has caught researchers’ attention and interest. 
This phenomenon makes it possible to suppress the bistatic scattering width of a given object, 
independently of the incident and observation angles. Cloaking technology provides various 
interesting applications such as camouflaging, non-invasive probing [1, 2], low-interference 
communications [3, 4], and imaging, among others. In this regard, different methods have been 
proposed in order to analyze and design cloak structures such as transformation optics [5–9], which 
is sensitive to tiny perturbations in practice [10], anomalous resonance method [11], and 
transmission-line networks [12–14]. Another technique to mention is the plasmonic cloaking 
method [15] which is based on the use of the exotic properties of bulk isotropic low or negative 
index materials to suppress the dominant scattering mode of the object to be cloaked [1, 3, 16–20]. 
All the methods mentioned above rely on bulk volumetric metamaterials, which in practice have a 
thickness comparable to the size of the object to be cloaked, and their realization is not an easy 
task. Recently, in order to overcome this common drawback, a different cloaking method has been 
proposed [21–28] based on the concept of mantle cloaking to make planar, cylindrical, and 
spherical objects invisible. In this method, an infinitesimally thin metasurface is used to create 
anti-phase surface currents in order to suppress the dominant electromagnetic scattering mode of 
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a moderately sized object, and thus to make the object invisible to the incoming electromagnetic 
wave. To implement the technique at microwave frequencies, an analytical model has been 
presented in [26], wherein practical cloaks composed of one-dimensional (1-D) horizontal and 
vertical metallic strips and two-dimensional (2-D) conformal printed (patches, Jerusalem crosses, 
and cross dipoles) and slotted (meshes, slot-Jerusalem crosses, and slot-cross dipoles) arrays of 
sub-wavelength periodic elements have been proposed. By properly designing the metasurface, 
the required average surface reactance is tailored, and thus, a drastic electromagnetic scattering 
reduction is achieved. However, at higher frequencies such as terahertz (THz), infrared (IR), and 
optical frequencies, the realization of the mantle cloak metasurface is more difficult due to the 
increase of losses in metallic elements. In this regard, one of the promising materials to implement 
the mantle cloaking method at low-THz frequencies is graphene.  
Graphene is a single layer of carbon atoms in a honeycomb lattice [29], which is 
particularly interesting due to its unique thermal, mechanical, and electrical properties that makes 
it useful in various electronic and electromagnetic applications [30–34]. In order to analyze and 
consider graphene for electromagnetic applications, a model has been proposed for its complex 
surface conductivity based on the Kubo formula [35], 
𝜎𝑠(𝜔, 𝜇𝑐, 𝜏, 𝑇) =
−𝑗𝑒2(𝜔 + 𝑗𝜏−1)
𝜋ℏ2
 
× [
1
(𝜔+𝑗𝜏−1)2
∫ (
𝜕𝑓𝑑(𝜀)
𝜕𝜀
−
𝜕𝑓𝑑(−𝜀)
𝜕𝜀
)
∞
0
𝜀𝑑𝜀 − ∫
𝑓𝑑(−𝜀)−𝑓𝑑(𝜀)
(𝜔+𝑗𝜏−1)2−4(𝜀 ℏ⁄ )2
𝑑𝜀
∞
0
]                     (1.1) 
where – 𝑒 is the charge of an electron, 𝜔 is the radian frequency, ℏ is the reduced Planck’s constant, 
𝑓𝑑(𝜀) = −(𝑒
(𝜀−𝜇𝑐) 𝑘𝐵⁄ 𝑇 + 1)−1 is the Fermi-Dirac distribution, 𝑘𝐵 is Boltzmann’s constant, 𝑇 is 
temperature, 𝜀 is the energy, 𝜇𝑐 is the chemical potential, and 𝜏 is the momentum relaxation time. 
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It should be mentioned that in our calculations it is assumed 𝑇 = 300 K and 𝜏 = 1.5 ps. The first 
term in equation (1.1) is related to the intraband contribution and can be obtained in closed form 
by [35]: 
𝜎intra = 𝑗
𝑒2𝑘𝐵𝑇
𝜋ℏ2(𝜔+𝑗𝜏−1)
[
𝜇𝑐
𝑘𝐵𝑇
+ 2ln (𝑒
− 
𝜇𝑐
𝑘𝐵𝑇 + 1)].                           (1.2) 
The second term is related to the interband contribution and in case of 𝑘𝐵𝑇 ≪ |𝜇𝑐|, ℏ𝜔 
can be approximated by [35] 
𝜎inter =
𝑗𝑒2
4𝜋ℏ
ln (
2|𝜇𝑐|−(𝜔+𝑗𝜏
−1)ℏ
2|𝜇𝑐|+(𝜔+𝑗𝜏−1)ℏ
).                                                  (1.3) 
It should be noted that in the low-THz region, up to 15 THz, the intraband contribution 
dominates the interband contribution; nevertheless we take into account both terms in our 
calculations. 
Recently, it has been shown that an atom thick homogeneous graphene monolayer enables 
a drastic scattering reduction for dielectric planar and cylindrical objects at low-THz frequencies 
[36]. In this frequency range, the ultrahigh mobility of graphene monolayer (more than 20000 cm2 
V-1 S-1) [36] makes it possible to achieve a nearly imaginary surface conductivity, and 
consequently, a low-loss inductive metasurface. However, it should be noted that in case of a 
metallic cylinder, a capacitive reactance is needed and graphene monolayer cannot be used for 
cloaking. It has been shown that a metasurface formed by a periodic array of sub-wavelength 
graphene nanopatches possesses a dual capacitive/inductive surface reactance at low-THz 
frequencies [37]. In [38], this property of graphene nanopatches has been taken into consideration 
in order to cloak both dielectric and conducting cylindrical objects by properly tuning the surface 
impedance of graphene metasurface. However, so far, the mantle cloaking method with the use of  
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graphene (and graphene metasurface) has been studied only for symmetric geometries such as 
dielectric and metallic circular cylinders and spheres.   
In this chapter, we extend the idea of the mantle cloaking method and the scattering 
cancellation concept to cloak elliptical structures, which possess non-symmetric geometries unlike 
circular cylinders, by using confocal and conformal elliptically shaped graphene metasurfaces. It 
is worth noting that since elliptical cylinders have non-symmetric cross-sections, the use of 
cylindrical metasurfaces of circular cross-section will no longer provide efficient cloaking. In this 
regard, here we propose a novel analytical approach in order to cloak two-dimentional elliptical 
objects, including an infinitely long dielectric elliptical cylinder with a graphene monolayer and a 
metasurface formed by graphene nanopatches; a metallic elliptical cylinder with the same 
metasurface, and as a special case, a 2-D metallic strip with a nanostructured graphene patch array 
at low-THz frequencies. The novel approach presented in this chapter is based on the fact that the 
electromagnetic scattering cancellation from cloaked elliptical objects and strips is ruled by the 
elliptical modes that can be formulated and represented by even and odd radial and angular 
Mathieu functions [39]. We show that the use of confocal and conformal elliptically shaped 
metasurfaces is indispensable in providing an anti-phase surface current based on the concept of 
mantle cloaking, and consequently, in order to reduce the dominant elliptical scattering mode. A 
special case pertains to a 2-D metallic strip as a degenerated metallic elliptical cylinder, which can 
be cloaked by placing the focal points of the metasurface at the edges of the strip. Recently, we 
have presented one of the applications of cloaking metallic strips at microwave frequencies [40], 
in which elliptical cloak metasurfaces formed by periodic arrays of sub-wavelength elements have 
been utilized in order to reduce the mutual coupling between strip dipole antennas. A similar 
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concept may be used for reducing the destructive mutual coupling between strip antennas at THz 
frequencies. Besides, closed-form expressions for the optimum surface reactance of metasurfaces 
have been derived for dielectric and metallic elliptical cylinders under a transverse magnetic (TM) 
polarized plane-wave incidence in the quasi-static limit. In addition to all mentioned, we extend 
the idea of cloaking a single elliptical object to multiple elliptical cylinders and strips which form 
a cluster of closely spaced, intersecting, and merging elliptical objects with a size comparable to 
the wavelength at the design frequency.     
The chapter is organized as follows. Section 1.2 concerns the proposed analytical model 
for the analysis of cloaking of 2-D dielectric and metallic elliptical cylinders, and a metallic strip 
as a special case. In Section 1.3, we present the numerical results for cloaking of single and 
multiple elliptical structures. Section 1.4 is allocated to the conclusions. A time dependence of the 
form 𝑒−𝑗𝜔𝑡 is assumed and suppressed. 
1.2 Formulation of the Scattering Problem 
Here, we present the mathematical formulation to analyze the scattering problem for the 
cases of a dielectric elliptical cylinder covered with a graphene monolayer (Figure 1.1(a)) and a 
nanostructured graphene metasurface (Figure 1.1(b)); a metallic elliptical cylinder coated with the 
same nanostructured graphene metasurface (Figure 1.1(c)) and a 2-D strip covered by an 
elliptically shaped dielectric spacer and a metasurface (Figure 1.1(d)). The analysis of the problem 
is based on the method of separation of variables to solve the 2-D wave equation in the elliptical 
coordinates (𝑢, 𝑣, 𝑧), and consequently, to solve the well-known angular and radial Mathieu 
equations. It should be mentioned that the solution provided here is related to the case of an 
infinitely long elliptical metallic cylinder covered by a metasurface (the scattering problems for 
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other structures shown in Figure 1.1 are omitted for the sake of brevity). 
 
Figure 1.1 Schematic representation of elliptical objects with a TM-polarized plane wave at 
normal incidence: (a) dielectric elliptical cylinder cloaked with graphene monolayer, (b) the same 
cylinder with graphene nanopatches, (c) metallic elliptical cylinder with the same graphene 
metasurface, and (d) metallic strip with graphene nanopatches. 
Then, we express the incident, scattered, and transmitted electric and magnetic fields in 
terms of even and odd angular and radial Mathieu functions in the elliptical coordinates. In this 
regard, the incident electric field, which is related to the free-space region 𝑢 > 𝑢0 (𝑢0 =
tanh−1(𝑏0 𝑎0⁄ )) can be represented as follows [41]: 
𝐸𝑧
𝑖 = √8𝜋 ∑ 𝑗−𝑛
𝐽𝑝𝑚(𝑞0,𝑢,𝑛)
𝑁𝑝𝑚(𝑞0,𝑛)
𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)𝑛                            (1.4) 
where 𝐽𝑝𝑚(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the first kind, 𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) is the angular 
Mathieu function, 𝑁𝑝𝑚(𝑞0, 𝑛) is the normalization constant, 𝑢 is the radial parameter, 𝑣 is the 
angular parameter, and 𝑞0 = 𝑘0
2𝐹2/4 (𝑘0 is the wave number in free space and 𝐹 is the focus of 
the ellipse or strip). The scattered electric field pertained to the region 𝑢 > 𝑢0 can be written as: 
𝐸𝑧
𝑠 = √8𝜋 ∑ 𝑗−𝑛𝑎𝑝𝑚
(𝑛)
 𝐻𝑝𝑚
(1)
𝑛 (𝑞0, 𝑢, 𝑛)𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)                  (1.5) 
where  𝐻𝑝𝑚
(1)(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the third kind, which indicates the outgoing 
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wave, and 𝑎𝑝𝑚
(𝑛)
 are the unknown coefficients to be determined. Similarly, the transmitted electric 
field inside the dielectric spacer 𝑢1 < 𝑢 < 𝑢0 can be expressed as: 
𝐸𝑧
𝑡 = √8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚
(𝑛)
 𝐽𝑝𝑚𝑛 (𝑞1, 𝑢, 𝑛) + 𝑐𝑝𝑚
(𝑛)
𝑌𝑝𝑚(𝑞1, 𝑢, 𝑛)] 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)    (1.6) 
where 𝑌𝑝𝑚(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the second kind, 𝑏𝑝𝑚
(𝑛)
 and 𝑐𝑝𝑚
(𝑛)
 are the 
unknown transmitted field expansion coefficients, and 𝑞1 = 𝑘1
2𝐹2/4 (𝑘1 is the wave number in 
the dielectric spacer). It should be noted that 𝑝 and 𝑚 denote either even or odd functions. 
The incident, scattered, and transmitted magnetic fields can be obtained by using Maxwell 
equations as follows: 
𝐻𝑣
𝑖 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛
𝐽′𝑝𝑚(𝑞0,𝑢,𝑛)
𝑁𝑝𝑚(𝑞0,𝑛)
𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)𝑛            (1.7.1) 
𝐻𝑣
𝑠 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛𝑎𝑝𝑚𝐻𝑝𝑚
(1)′
𝑛 (𝑞0, 𝑢, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)       (1.7.2) 
𝐻𝑣
𝑡 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚 𝐽
′
𝑝𝑚𝑛
(𝑞1, 𝑢, 𝑛) + 𝑐𝑝𝑚𝑌
′
𝑝𝑚(𝑞1, 𝑢, 𝑛)]  
 × 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)                                                             (1.7.3) 
where ℎ = 𝐹√cosh2 𝑢 − cos2 𝑣 is the scalar factor in the elliptical coordinate system. It should be 
noted that the prime indicates the derivative of the functions with respect to the variable 𝑢. 
The unknown coefficients in equations (1.5) and (1.6) can be determined by imposing the 
boundary condition at 𝑢1 = tanh
−1(𝑏1 𝑎1⁄ ), which is the surface of the metallic elliptical cylinder  
(𝑢1 = 0 for the strip case), the boundary conditions at the metasurface, and also, by applying the 
orthogonality property of angular Mathieu functions. It should be mentioned that the tangential 
components of the electric fields are continuous across the metasurface while the use of an 
impedance surface results in the discontinuity of the tangential components of magnetic fields 
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(𝐻𝑣
tan). Hence, the boundary conditions can be written as: 
𝐸𝑧
𝑡|𝑢=𝑢1 = 0                                                                 (1.8.1) 
𝐸𝑧
𝑖 |
𝑢=𝑢0
+ + 𝐸𝑧
𝑠|𝑢=𝑢0+ = 𝐸𝑧
𝑡|𝑢=𝑢0−                                                (1.8.2) 
𝐸𝑧
𝑡|𝑢=𝑢0− = 𝑍𝑠 [𝐻𝑣
𝑖 |
𝑢=𝑢0
+ + 𝐻𝑣
𝑠|𝑢=𝑢0+ − 𝐻𝑣
𝑡|𝑢=𝑢0−]                                  (1.8.3) 
where 𝑍𝑠 is the surface impedance of the metasurface. The bistatic scattering width can be reduced 
drastically for all the incident angles by choosing an appropriate value for 𝑍𝑠. For a metasurface 
realized by nanostructured graphene patch array, as shown in Fig. 1, the surface impedance can be 
expressed as [37]: 
𝑍𝑠 = 𝑅𝑠 − 𝑗𝑋𝑠 =
𝐷
𝜎𝑠(𝐷−𝑔)
+ 𝑗
𝜋
2𝜔𝜀0(
𝜀𝑟+1
2
)𝐷 ln[csc(
𝜋𝑔
2𝐷
)]
                                (1.9) 
where 𝜎𝑠 is the complex surface conductivity of graphene calculated using the Kubo formula in 
equation (1.1), with the analytical representations for the intraband and interband contributions as 
shown in equations (1.2) and (1.3), respectively, 𝑅𝑠 is the surface resistance per unit cell related to 
the conduction losses, and 𝑋𝑠 is the surface reactance per unit cell; 𝐷 and 𝑔 are the periodicity and 
gap size, respectively, 𝜀𝑟 is the relative permittivity of the dielectric elliptical cylinder or the spacer 
for the conducting elliptical cylinder. The first term in equation (1.9) accounts for the kinetic 
inductance and resistance per unit cell of graphene nanopatches, and the second term corresponds 
to the capacitance of graphene patch array.  
The unknown coefficients have been determined by applying the boundary conditions 
mentioned above and solving the matrix equation presented in Appendix. Then, the bistatic 
scattering width (𝜎2D) for a TM-polarized plane-wave excitation can be obtained by using the 
asymptotic form of the radial Mathieu function of the third kind at the desired frequency as follows: 
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𝜎2D
𝜆
= |∑ √8𝜋 𝑗−2𝑛𝑎𝑝𝑚𝑛 𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛)𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)|
2
.                     (1.10) 
Also, the total scattering width as a quantitative measure of the overall visibility of the 
object can be obtained by taking the average of the bistatic scattering width with respect to the 
observation angle (𝑣) as follows: 
𝜎total =
1
2𝜋
∫ 𝜎2𝐷(𝑣) 𝑑𝑣
2𝜋
0
 .                                                   (1.11) 
Now, in order to be able to reduce the scattering cross-section of any given elliptical object 
drastically at the desired frequency, we present the closed-form conditions for both dielectric and 
metallic elliptical cylinders. These conditions have been obtained by setting the coefficients 𝑎𝑝𝑚
(𝑛)
 
to zero. It is also informative to analyze how the cloaking condition can be expressed in the quasi-
static limit, for which 𝑞0, 𝑞1 ≪ 1. In this case, the required optimum surface reactance to cloak 
dielectric elliptical cylinders shown in Figure 1.1(a or b) for a TM-polarized plane-wave incidence 
has been derived as: 
𝑋diel = −𝜔𝜇𝐹
1− 𝑞1 sinh
2 𝑢0
2(𝑞0−𝑞1)  sinh𝑢0
  .                                        (1.12) 
For a metallic elliptical cylinder with a relatively thin dielectric spacer and permittivity 𝜀𝑟, 
the closed-form required optimum surface reactance in the quasi-static limit has been obtained as: 
𝑋PEC = −𝜔𝜇𝐹
(𝑢0−𝑢1)  cosh𝑢0
1+(𝑞0(𝑢0−𝑢1)+𝑞1(𝑢1+
1
2
ln𝑞1))  sinh2𝑢0
 .                         (1.13) 
It should be mentioned that by appropriately balancing the capacitance of the patch array 
and the kinetic inductance of graphene, the same elliptically shaped metasurface formed by 
graphene nanopatches can be utilized in order to meet both required surface reactances, and 
consequently, cloak both dielectric and metallic elliptical cylinders at low-THz frequencies.  
The optimum required surface reactances for the dielectric and metallic elliptical cylinders 
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and the strips shown in Figure 1.1, calculated based on equations (1.12) and (1.13) are plotted 
versus frequency in Figure 1.2. The detailed values for the parameters of each geometry at the 
design frequency 𝑓 = 3 THz are provided in Section 1.3. Also, the frequency dispersion of the 
surface reactance for each cloak metasurface including (i) a graphene monolayer with 𝜇𝑐 =
0.6158  eV, (ii) a graphene-nanopatch metasurface with 𝜇𝑐 = 0.2672  eV, 𝐷 = 5.064 µm, and 
𝑔 = 0.524 µm, (iii) the same metasurface with 𝜇𝑐 = 0.55  eV, and (iv) a metasurface formed by 
graphene nanopatches with 𝜇𝑐 = 0.9  eV, 𝐷 = 5.29 µm, and 𝑔 = 0.6 µm, is depicted in Figure 
1.2. It clearly shows that how the optimum surface reactance required for cloaking of each structure 
can be realized by tuning the parameters of the respective metasurface.  
It is also worth noting that the dual capacitive/inductive behavior of the array of graphene 
nanopatches makes it possible to use the same metasurface in order to cloak both dielectric and 
conducting elliptical cylinders.  
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Figure 1.2 Surface Reactance of a graphene monolayer and a graphene-nanopatch metasurface 
(Nanopatches I) for the dielectric elliptical cylinder, and the same metasurface for the conducting 
elliptical cylinder, and a metasurface formed by an array of graphene nanopatches (Nanopatches 
II) for the strip. 
1.3 Results and Discussions 
In this section, we consider several elliptical objects cloaked by confocal elliptically shaped 
metasurfaces in order to present the applicability and effectiveness of the proposed analytical 
approach. The cloaking is studied for single elliptical objects, and then the cases of multiple objects 
and clusters are presented. The results of our analytical approach are compared and confirmed by 
full-wave numerical simulations with CST Microwave Studio [42].  
1.3.1 Cloaking of Elliptical Cylinders and Strips 
1.3.1.1 Dielectric Elliptical Cylinder Cloaked by a Graphene Monolayer 
In order to reduce the electromagnetic scattering from a dielectric cylinder, it was shown 
that a mantle cloak with inductive surface reactance is required [36]. Following the idea and due 
to the fact that a single atom thick graphene monolayer provides an inductive reactance at low-
 12 
THz frequencies, a dielectric elliptical cylinder can be cloaked once the required surface reactance 
is found and by choosing appropriate parameters for the graphene monolayer. In this regard, for a 
given infinitely long dielectric elliptical cylinder shown in Fig. 1(a) with the relative permittivity 
𝜀𝑟 = 4 (silicon dioxide), 𝑎0 = 12.5 µm (𝜆0 8⁄ ), 𝑏0 = 10 µm (𝜆0 10⁄ ), the required surface 
reactance is found to be 𝑋𝑠 = 260 Ω based on (12) with 𝜇𝑐 =  0.6158 eV for the design frequency 
of 𝑓 = 3 THz. To visualize this scattering reduction, the bistatic scattering widths for both 
uncloaked (with no cover) and cloaked (covered by the graphene monolayer) cases with different 
angles of incidence (𝜑) are shown in Figure 1.3(a). In Figure 1.3(b), the polar representation of 
the bistatic scattering width obtained by analytical and full-wave simulation results is shown for 
𝜑 = 45°. Also, the total scattering width, as a quantitative measure of its overall visibility for all 
observation angles, is shown in Figure 1.4 with respect to the incident angle of 𝜑 = 45°. The 
analytical results are validated by using numerical full-wave simulations obtained with CST 
Microwave Studio. In addition, Figure 1.5 illustrates the snapshots of electric field distributions 
for both cloaked and uncloaked cases with 𝜑 = 45°. It can be clearly observed that in the absence 
of the graphene monolayer the electric field distribution is intensely disturbed while in case of its 
presence the electric field distribution is uniform, which indicates that the object does not exist 
seemingly in the electromagnetic field. 
 
 13 
 
                                                    (a)                                               (b) 
Figure 1.3 (a) Bistatic scattering widths for uncloaked and cloaked (with graphene monolayer) 
cases with respect to different incident angles in the 𝑥 − 𝑦 plane, and (b) analytical and full-wave 
total scattering widths for uncloaked and cloaked cases with 𝜑 = 45°. 
 
Figure 1.4 Analytical and full-wave total scattering widths for uncloaked and cloaked cases with 
the incident angle of 𝜑 = 45°. 
 
Figure 1.5 Snapshots of the electric field distribution for uncloaked and cloaked (with graphene 
monolayer) infinitely long dielectric elliptical cylinder illuminated by a TM-polarized plane wave 
at normal incidence with 𝜑 = 45°. 
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1.3.1.2 Dielectric Elliptical Cylinder Cloaked by a Metasurface 
Here, we consider the same dielectric elliptical cylinder, however, instead of a graphene 
monolayer we employ a cloak metasurface formed by an array of graphene nanopatches. As 
mentioned in Section 1.3.1.1, the required surface reactance is 𝑋𝑠 = 260 Ω at the design frequency 
of 𝑓 = 3 THz. In order to realize the metasurface, according to equation (1.9), the parameters of 
the graphene-nanopatch metasurface are found: 𝐷 =  5.064 µm, 𝑔 =  0.524 µm, and 𝜇𝑐 =
 0.2672 eV. It should be noted that the graphene-nanopatch metasurface requires a chemical 
potential much lower than that of the uniform graphene monolayer discussed in Section 1.3.1.1. 
The polar representations of the bistatic scattering width of the structure for both uncloaked and 
cloaked cases are plotted in Figure 1.6 with the incident angles of 𝜑 = 0°, 𝜑 = 45°, and 𝜑 = 90°, 
respectively. The figure illustrates that the bistatic scattering width of the dielectric elliptical 
cylinder is reduced remarkably for all the incident and observation angles. Also, the calculated and 
simulated total scattering widths of the object with 𝜑 = 90° are shown in Figure 1.7. The analytical 
results agree well with the full-wave simulation results, confirming a drastic reduction of the total 
scattering width. In addition, as shown in Figure 1.8, it can be clearly seen that the wavefronts of 
the electric field are restored by wrapping the suitable graphene metasurface around the object, 
while in the absence of the mantle cloak, the electric field is strongly disturbed. 
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Figure 1.6 Polar representations of the bistatic scattering widths of the object in the 𝑥 − 𝑦 plane 
with the incident angles of 𝜑 = 0°, 𝜑 = 45°, and 𝜑 = 90°. 
 
Figure 1.7 Analytical and full-wave total scattering widths for uncloaked and cloaked cases with 
the incident angle of 𝜑 = 90°. 
 
  
Figure 1.8 Snapshots of the electric field distribution for uncloaked and cloaked (with graphene 
nanopatches) infinitely long dielectric elliptical cylinder illuminated by a TM-polarized plane 
wave at normal incidence with 𝜑 = 90°. 
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1.3.1.3 Metallic Elliptical Cylinder 
Consider the metallic elliptical rod shown in Figure 1.1(c), with the dimensions 𝑎1 =
10.04 µm (𝜆0 9.96⁄ ), 𝑏1 = 6.67 µm (𝜆0 15⁄ ), 𝑎0 = 12.5 µm (𝜆0 8⁄ ), 𝑏0 = 10 µm (𝜆0 10⁄ ), and 
the dielectric spacer with relative permittivity 𝜀𝑟 = 4 (silicon dioxide). As it is mentioned above, 
a capacitive reactance is required for cloaking the metallic ellipse. In this regard, the same 
metasurface mentioned in Section 1.3.1.2 is considered. Here, the chemical potential is set to 𝜇𝑐 =
 0.55 eV in order to realize the required surface reactance of 𝑋𝑠 = −83.45 Ω based on the 
optimum surface reactance provided in equation (1.13). The total scattering width of this cloak 
design is illustrated in Figure 1.9, which confirms that the scattering width is significantly reduced 
at the design frequency of 𝑓 = 3 THz for different incident angles. Also, the analytical and full-
wave results of the total scattering widths for a TM-polarized plane-wave incidence with 𝜑 = 0° 
are shown in Figure 1.10. The snapshots of the electric field and the vector power-flow 
distributions are shown in Figure 1.11 for cloaked and uncloaked cases illustrating the effective 
cloaking, which illustrates how the presence of the metasurface resolves the perturbation of the 
electric field and the power.  
 
Figure 1.9 Total scattering widths for uncloaked and cloaked cases with the different incident 
angles of 𝜑 = 0°, 𝜑 = 45°, and 𝜑 = 90°. 
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Figure 1.10 Analytical and full-wave results for the total scattering widths of uncloaked and 
cloaked cases with the incident angle of 𝜑 = 0°. 
 
 
 
Figure 1.11 Snapshots of the electric field distribution for (a) uncloaked and (b) cloaked (with 
graphene nanopatches) infinite metallic elliptical cylinder. Vector power-flow distribution for (c) 
uncloaked and (d) cloaked cases, illuminated by a TM-polarized plane wave at normal incidence 
with 𝜑 = 0°. 
1.3.1.4 Metallic Strip 
Now, we consider a special case of a 2-D metallic strip as a degenerated metallic elliptical 
cylinder (𝑏1 = 0). In order to cancel the scattering waves from a strip, an elliptical metasurface 
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has been utilized. The optimum scattering reduction is achieved by placing the focal points of the 
elliptically shaped cloak metasurface at the edges of the strip. Figure 1.1(d) shows a strip with an 
elliptical metasurface formed by an array of graphene nanopatches wrapped around the dielectric 
spacer with the relative permittivity 𝜀𝑟 = 4. The dimensions of the structure are: 𝑎0 = 10.04 
µm (𝜆0 9.96⁄ ), 𝑏0 = 6.67µm (𝜆0 15⁄ ), 𝑎1 = 7.5 = 𝐹 µm (𝜆0 13.33⁄ ), and 𝑏1 = 0 µm. Here, the 
required surface reactance is determined analytically to be 𝑋𝑠 = −69.5 Ω based on the optimum 
surface reactance presented in (13), which can be realized by choosing the parameters of the 
graphene-nanopatch metasurface as 𝐷 =  5.29 µm, 𝑔 =  0.6 µm, and 𝜇𝑐 =  0.9 eV. The analytical 
results for the total scattering width of the metallic strip with various angles of incidence and both 
uncloaked and cloaked cases are shown in Figure 1.12. Also, comparisons between the analytical 
and full-wave simulation results of the total and bistatic scattering widths of the strip are presented 
in Figures 1.13(a) and 13(b), respectively. In addition, the electric field snapshots for both 
uncloaked and cloaked cases are shown in Figure 1.14. It confirms the fact that the fields are not 
disturbed in case of using the metasurface and the strip is hidden from the incoming wave. Figure 
1.15 depicts the far-field scattering pattern of the metallic strip on the same scale for uncloaked 
and cloaked cases. 
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Figure 1.12 Total scattering widths for the metallic 2-D strip with different incident angles of 𝜑 =
0°, 𝜑 = 45°, and 𝜑 = 90°. 
 
(a)                                      (b) 
Figure 1.13 Analytical and full-wave results for (a) total scattering widths and (b) bistatic 
scattering widths, for uncloaked and cloaked cases with the incident angle of 𝜑 = 45° in the 𝑥 − 𝑦 
plane.  
 
Figure 1.14 Snapshots of the electric field distribution for uncloaked and cloaked (with graphene 
nanopatches) infinite metallic 2-D strip illuminated by a TM-polarized plane wave at normal 
incidence with 𝜑 = 45°. 
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(a)                                            (b) 
Figure 1.15 Far-field scattering patterns of the metallic strip for (a) uncloaked and (b) cloaked 
cases, plotted on the same scale with the incident angle of 𝜑 = 45°. 
1.3.2 Cloaking a Cluster of Elliptical Objects 
Following our analytical approach discussed in the previous section to cloak various single 
dielectric and conducting objects at low-THz frequencies, here we extend the idea and present the 
cloaking of multiple elliptical objects which form a cluster. It has been shown in [43] that 
plasmonic covers may cloak multiple impenetrable spherical objects. However, the proposed cover 
is made of a material with a combination of plasmonic properties and with a magnetic permeability 
higher than that of the free space (𝜇 = 5.1 𝜇0), which is difficult to realize in practice. As shown 
in Section 1.3.1.1, an ultrathin uniform graphene monolayer can be used to reduce the total 
scattering width of a dielectric elliptical cylinder more than 17 dB. Regarding this very low 
scattering cross-section and considering the fact that no higher order modes exist in case of using 
a graphene monolayer, we expect to be able to reduce the scattering width of a cluster of several 
dielectric elliptical cylinders even if they are located very close to each other. Similarly, the cloak 
metasurface can lower the coupling between metallic strips, and thus, reduce the scattering cross-
section of metallic strips.  
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1.3.2.1 Cluster of Dielectric Elliptical Cylinders Cloaked by a Graphene Monolayer 
Based on the design presented in Section 1.3.1.1 for the cloaking of a single dielectric 
elliptical cylinder covered by a graphene monolayer, here, we consider different cases of closely 
spaced, merging, and overlapping configurations. 
First, we consider two touching (Figure 1.16(b)) and two overlapping (Figure 1.16(c)) dielectric 
elliptical cylinders. The total lengths of the structures are 𝑙 = 50 µm (𝜆0 2⁄ ) and 𝑙 = 48 µm 
(𝜆0 2.083⁄ ), respectively. The full-wave simulation results for the total Radar Cross-Section (RCS) 
of these configurations are plotted versus frequency in Figure 1.16(a). It can be clearly seen that 
the minimum scattering width is achieved for two touching dielectric elliptical cylinders at 𝑓 = 3 
THz, the same frequency as the case of a single one. The simulation results show that although the 
structures are touching, each graphene monolayer cloaks its respective ellipse at the same 
frequency of 𝑓 = 3 THz as if they were separated, and no singular or nonlocal behavior of 
electromagnetic field is observed. In case of two overlapping ellipses, it is observed that the 
scattering cross-section is reduced drastically at a frequency less than the desired cloaking 
frequency. It implies that due to merging the ellipses, the optimum required surface reactance is 
not the same as for a single ellipse. This frequency shift can be compensated easily by modifying 
the chemical potential of the graphene monolayer. In Figure 1.16(d), the snapshots of the electric 
field distribution are shown with respect to 𝑓 = 2.8 THz for the two overlapping elliptical 
cylinders. It clearly presents the invisibility of the given object in front of the incoming TM-
polarized plane wave.       
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(d) 
Figure 1.16 (a) Total scattering widths of uncloaked and cloaked cases for two touching and 
overlapping dielectric elliptical cylinders with the schematic representation of the 2-D cross-
sections shown in (b) and (c), respectively. (d) Snapshots of the electric field distribution at 𝑓 =
2.8 THz for two overlapping dielectric elliptical cylinders under a TM-polarized plane-wave 
incidence with 𝜑 = 45°. 
Now, we consider the case of a cluster formed by several dielectric elliptical cylinders with 
four and nine ellipses shown in Figure 1.17(b) and Figure 1.17(c), respectively. It should be 
mentioned that despite the large size of the whole cluster, due to the negligible coupling among 
elements, the metasurface used for cloaking of a single ellipse can be employed again with no 
change in its parameters to reduce the scattering width at the same frequency of 𝑓 = 3 THz, as 
illustrated in Figure 1.17(a). In order to clarify further, the time snapshots of the electric field 
distribution in the 𝑥 − 𝑦 plane are shown in Figure 1.17(d) for nine ellipses. It can be observed 
that the presence of the metasurface formed by a uniform graphene monolayer (designed 
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individually for each dielectric elliptical cylinder) plays an important role in restoring the 
wavefronts of the electric field, and thus, making the whole cluster invisible. Also, the vector 
power-flow distribution is shown in Figure 1.17(e) for the cloaked and uncloaked cluster of nine 
ellipses confirming the effective cloaking.     
Also, we have studied a chain of six overlapping infinitely long dielectric elliptical 
cylinders with the total length of 𝑙 = 140 µm (1.4 𝜆0) at 𝑓 = 3 THz as shown in Figure 1.18(b). 
Here, the total RCS is minimized at 𝑓 = 2.8 THz as depicted in Figure 1.18(a). It implies that the 
graphene monolayer wrapped around the surface of this chain is able to provide cloaking for each 
elliptical cylinder individually, and consequently, can lower the scattering cross-section of the 
whole chain. To provide further clarification, the snapshots of the electric field distribution are 
shown in Figure 1.18(c), and also, the vector power-flow of the TM-polarized plane wave with 
𝜑 = 45° is illustrated in Figure 1.18(d). It can be observed that unlike the uncloaked case, in which 
the chain scatters most of the impinging power to all directions, the tunneling of the plane wave 
takes place through the chain with a uniform power distribution. Figure 1.18(e) depicts the far-
field scattering patterns of the whole structure for the uncloaked and cloaked cases on the same 
scale, showing a remarkable reduction of RCS for all observation angles. 
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(d) 
 
(e) 
Figure 1.17 (a) Total scattering widths of uncloaked and cloaked cases for four touching and nine 
touching dielectric elliptical cylinders with the schematic representation of the 2-D cross-sections 
shown in (b) and (c), respectively. (d) Snapshots of the electric field distribution and (e) vector 
power-flow distribution at 𝑓 = 3 THz for nine touching dielectric elliptical cylinders under a TM-
polarized plane-wave incidence with 𝜑 = 45°. 
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(c) 
 
(d) 
 
(e) 
Figure 1.18 (a) Total scattering widths of uncloaked and cloaked cases for the chain of six 
overlapping dielectric elliptical cylinders with the schematic representation of the 2-D cross-
section shown in (b). (c) Snapshots of the electric field distribution for uncloaked and cloaked 
cases, (d) vector power-flow distribution of the chain for uncloaked and cloaked cases with 𝜑 =
45°, and (e) far-field scattering patterns of the structure for uncloaked (left-sided) and cloaked 
cases (right-sided), plotted on the same scale with the incident angle of 𝜑 = 45°. 
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1.3.2.2 Metallic Strips Cloaked by a Nanostructured Graphene Metasurface 
In this section, we present a study of cloaking two metallic strips for the different cases of 
horizontally spaced, vertically spaced, overlapped spacers, and connected. The parameters of each 
elliptically shaped cloak metasurface are the same as the ones used previously to cloak the single 
metallic strip mentioned in Section 1.3.1.4. Figure 1.19(a) presents the full-wave simulation results 
of the total scattering widths of the structures shown in Figures 1.19(b) and 1.19(c). The invisibility 
of the metallic strips can also be confirmed by comparing the vector power-flow representation of 
the uncloaked and cloaked cases depicted in Figure 1.19(d). It can be observed that, in the absence 
of the cloak metasurface, the power is scattered in different directions which can be sensed easily 
by any bistatic sensor. However, when the graphene-nanopatch metasurface is employed, the 
power distribution is uniform in the direction of excitation, which indicates that the whole structure 
is hidden from the incoming plane wave. It is worth noting that to have the cloaking behavior 
exactly at the desired frequency, the cloak structures should be separated at least one period (𝐷) 
[27]. Here in our case, the metasurfaces are touching, which results only in a slight frequency shift 
for the minimum scattering of the whole structure obtained at the frequency of 𝑓 = 2.95 THz. 
Also, for the metallic strips located vertically to each other (Figure 1.19(c)), the far-field scattering 
patterns of the structure are shown in Figure 1.19(e) for both uncloaked and cloaked cases on the 
same scale with the incident angle of 𝜑 = 45° (with respect to the 𝑥 axis). As shown, the RCS is 
decreased significantly, thereby hiding the metallic strips from the incoming wave and achieving 
the desired transparency.  
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(d) 
 
(e) 
Figure 1.19 (a) Total scattering widths of uncloaked and cloaked cases for two horizontally and 
vertically spaced metallic strips with the schematic representation of the 2-D cross-sections shown 
in (b) and (c), respectively. (d) Vector power-flow distribution of the horizontally spaced strips, 
and (e) far-field scattering patterns of the vertically spaced strips, for uncloaked and cloaked cases 
under a TM-polarized plane wave at normal incidence with 𝜑 = 45°. 
Here, in order to explain the availability of generalizing the cloaking of a single metallic 
strip to other scenarios, we consider two other cases shown in Figures 1.20(b) and 20(c). It should 
be noted that the geometric parameters of the metasurface and the chemical potential of graphene 
are the same as the ones mentioned in Section 1.3.1.4. Figure 1.20(a) shows the total RCS of these 
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structures versus frequency. The figure conveys the fact that the cloak cover lowers the scattering 
cross-section of the structure in Figure 1.20(b) remarkably again at 𝑓 = 3 THz until the strips are 
not united as a wider strip. It is worth noting that if the same cloak metasurface is used in case of 
two connected strips, the cloaking frequency will be slightly shifted from 𝑓 = 3 THz to 𝑓 = 2.8 
THz, which can be easily compensated by optimizing the chemical potential of graphene. Figures 
1.20(d) and 1.20(e) show the time snapshots of the electric field distributions of both uncloaked 
and cloaked cases for the structures shown in Figures 1.20(b) and 1.20(c), respectively. The results 
confirm that the electric fields are not disturbed in case of using the metasurfaces and the structures 
become hidden from the incoming TM-polarized plane wave. Also, Figure 1.20(f) depicts the 3-D 
far-field scattering pattern of the two connected strips for uncloaked and cloaked cases. It can be 
observed that the scattering cross-section is lowered significantly. 
In addition to all mentioned above, as an interesting consequence, it should be stressed that 
the use of the proposed cloak structure formed by the overlapping spacers and two joint elliptically 
shaped metasurfaces, opens up the possibility of cloaking wider metallic strips (for example, here, 
the total width is equal to 𝑙 = 30 µm (𝜆0/3.33)). Hence, the overlapping elliptical metasurfaces 
outperform the use of one single cloak metasurface in terms of cloaking larger strips.  
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(d) 
 
(e) 
 
(f) 
Figure 1.20 (a) Total scattering widths of uncloaked and cloaked cases for two metallic strips with 
overlapping spacers and for two connected strips with the schematic representation of the 2-D 
cross-sections shown in (b) and (c), respectively. Snapshots of the electric field distributions of 
uncloaked and cloaked cases for (d) two metallic strips with overlapping spacers at 𝑓 = 3 THz, 
and (e) for two connected metallic strips at 𝑓 = 2.8 THz, and (f) far-field scattering patterns of the 
two connected strips at 𝑓 = 2.8 THz. A TM-polarized plane wave at normal incidence with 𝜑 =
45° is considered for all the results. 
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1.4 Conclusion 
In this chapter, we have proposed a novel analytical approach in order to cloak dielectric 
and metallic elliptical cylinders and metallic strips realized by conformal and confocal elliptically 
shaped cloak metasurfaces, including a graphene monolayer and a nanostructured graphene patch 
array at low-terahertz frequencies. The analytical approach is based on the solution of the 
scattering problem in terms of elliptical waves represented by the radial and angular Mathieu 
functions, with the use of sheet impedance boundary conditions at the metasurface. It is shown 
that scattering cancellation can be achieved for all incident and observation angles. The idea has 
been also extended in order to cloak a cluster of elliptical objects for different cases of dielectric 
elliptical cylinders and metallic strips. This provides more possibility for cloaking larger dielectric 
objects and wider metallic strips.  
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CHAPTER II 
REDUCTION OF MUTUAL COUPLING IN STRIP DIPOLE ANTENNAS 
 
2.1 Introduction 
Recently, there has been a remarkable interest in the study of the phenomenon of 
electromagnetic invisibility and cloaking, which implies the suppression of the bistatic scattering 
width of a given object, independently of the incident and observation angles. To analyze and 
design cloak structures, different methods have been proposed such as transformation optics [5], 
[7], which is based on the principle of bending electromagnetic waves around the object to be 
cloaked, anomalous resonance method [11], transmission-line networks [12], [14], and plasmonic 
cloaking [15] that utilizes bulk isotropic low or negative index materials in order to suppress the 
dominant scattering mode [19], [20], [45]–[46]. A common drawback of all these methods is that 
they rely on bulk volumetric metamaterials, which have a finite thickness usually comparable with 
the size of the object to be cloaked, and are difficult to realize in practice. In [47], a solution has 
been proposed to cloak surface waves, in which the cloak design is realized by utilizing curved 
geometries combined with graded index media to make the curvature of a surface invisible. In 
[48], a thin cloak (𝜆/40) based on microwave networks, which is composed of microstrip-
connected metallic patches, was presented to provide cloaking by coupling electromagnetic fields 
into the cloaking layer and transferring around the object. In [49], minimum scattering has been 
achieved by covering a metallic rod with a high permittivity conventional dielectric.
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Recently, a different cloaking technique has been presented based on the concept of mantle 
cloaking to reduce the scattering width of various types of planar, cylindrical, and spherical objects 
[21]–[28], which utilizes an ultrathin metasurface that provides anti-phase surface currents to 
reduce the dominant scattering mode of a given object. In [24], active frequency-selective 
conformal cloaks have been introduced based on non-Foster metasurfaces in order to broaden the 
cloaking bandwidth.  Also, a wideband conformal cloak structure, which is based on width-
modulated microstrip lines, has been presented and verified experimentally in [25] in order to 
cloak single and multiple cylindrical objects. In [26], an analytical model has been proposed to 
cloak dielectric and conducting cylindrical objects using 1-D and 2-D conformal printed and 
slotted arrays of sub-wavelength periodic elements at microwave frequencies. Also, it was shown 
that the analytical grid impedance expressions derived for the planar arrays of sub-wavelength 
elements can be used to describe the surface reactance of cylindrical conformal mantle cloaks. The 
mantle cloaking method has also been implemented at low-THz frequencies by using a graphene 
monolayer and a nanostructured graphene patch array [36], [38]. Recently, the idea of mantle 
cloaking has been extended and an analytical framework for the analysis of the electromagnetic 
cloaking of dielectric and metallic elliptical cylinders and 2-D metallic strips has been presented 
in [50]–[53], where the cloak structures are realized by a graphene monolayer and a nanostructured 
graphene patch array at low-THz frequencies, and also, by conformal arrays of sub-wavelength 
periodic elements at microwave frequencies. However, all the techniques mentioned above are 
designed to cloak passive structures. 
An interesting and critical antenna application of electromagnetic cloaking is the reduction 
of the mutual coupling between antennas. Indeed, the destructive mutual coupling effect has 
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always been an important unavoidable issue in antenna designs and applications. The presence of 
a passive element influences the radiation pattern and matching characteristics of a radiating 
antenna. Several articles have been proposed in order to reduce the blockage effect by passive 
elements in front of antennas. For instance, in [54], hard surfaces have been used to reduce the 
forward scattering from cylindrical objects such as struts and masts. Also, in [55], low scattering 
struts covered by the hard surface, realized by metallic strips printed on a thin low dielectric 
permittivity layer, have been introduced to improve the performance of center-fed reflector 
antennas. In [56], an electromagnetic cloak design, which consists of periodical conical plates, has 
been used to hide passive metallic cylinders placed near a commercial horn antenna, and in [57], 
a transmission-line cloak structure has been used to demonstrate the antenna blockage reduction. 
The purpose of these designs has been on reducing the mutual coupling effect of passive elements 
placed directly in front of an antenna. 
On the other hand, it is not a facile task to suppress the mutual coupling between two 
antennas. The reason is that the cloak structure for an antenna is needed to be designed in a way 
that provides drastic scattering reduction, and at the same time, preserve the electromagnetic 
performance of the antenna. In this regard, in [58], a mushroom-like electromagnetic band-gap 
(EBG) structure has been proposed in the design of microstrip antenna arrays in order to reduce 
the strong mutual coupling caused by the thick and high permittivity substrates. In [3], the concept 
of cloaking a sensor (a short dipole antenna) without affecting its ability to receive an incoming 
signal has been presented. However, the proposed method relies on plasmonic cloaking which 
requires bulk materials. Also, [59] proposes a semi-analytical method to reduce the scattered field 
from an infinite two-dimensional planar microstrip antenna by using a superstrate with low or 
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negative index materials (carpet cloaking). It should be stressed that although the use of low or 
negative index materials based on plasmonic cloaking is favorable, their experimental realization 
is difficult. On the other hand, it has been shown in [60] that plasmonic cloaks are more appropriate 
for the antennas with the length less than a quarter wavelength than self-resonating antennas. 
Recently, in [61] and [62], the mantle cloaking method has been applied to reduce the mutual 
blockage effects between two wire dipole antennas resonating at close frequencies.   
In this chapter, we propose the use of the mantle cloaking method realized by conformal 
and confocal elliptical printed sub-wavelength structures in order to make resonating elements 
invisible, not only in front of a plane-wave illumination but also in case of radiating in close 
electrical vicinity of other resonating elements. The novelty of our approach is the use of 
elliptically shaped metasurface cloaks in order to cancel the dominant elliptical scattering mode 
from strip dipole antennas, which are involved in many applications such as microstrip technology, 
RFID tags, and on-chip realizations, and extending the idea to reduce the mutual coupling between 
two strip dipole antennas located in close proximity of each other. In other words, to create an anti-
phase surface current and reduce the dominant elliptical scattering mode of a strip dipole antenna 
based on the concept of mantle cloaking, we have shown that the scattering cancellation can be 
realized by utilizing confocal and conformal elliptical metasurface cloaks, which result in the 
reduction of mutual blockage effect, and makes it possible to restore the radiation pattern and 
impedance characteristics of antennas. To convey the idea, we show how the aforementioned 
elliptically shaped metasurface cloaks can be utilized to reduce the mutual coupling between two 
strip dipoles resonating at two different frequencies. Actually, unlike wire dipole antennas, the 
scattering problem of strip dipole antennas is ruled by the non-symmetric configuration of these 
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antennas, which makes the cloaking mechanism more complicated and necessitates the use of an 
elliptical metasurface [50]–[53]. In addition, we show that if the resonance frequencies of the 
antennas are far from each other, by using an analytical model, the strip dipole antennas can be 
cloaked in a way that minimum mutual coupling is achieved. Regarding this, the scattering 
problem is solved by an analytical approach, in which the incident and scattered fields are 
expressed in terms of radial and angular even and odd Mathieu functions [39 and references 
therein], with the use of sheet impedance boundary conditions at the metasurface, and by placing 
the focal points of the cloak at the edges of each strip dipole. In [61], the antennas were covered 
by vertical metallic strips, which provide inductive response, to be hidden from each other. In this 
chapter, we show that the applicability of vertical strips (inductive response) or horizontal rings 
(capacitive response) [26] is dependent on the difference between the resonance frequencies of the 
antennas. Therefore, appropriate confocal elliptically shaped mantle cloaks, wrapped around 
elliptical dielectric spacers, are used to cover two electrically close 3-D resonating strip dipole 
antennas in order to reduce the mutual coupling drastically, and consequently, restore their 
radiation patterns and matching characteristics as in the isolated case. 
This chapter is organized as follows. Section 2.2 is devoted to our analytical model for the 
analysis of cloaking of 2-D metallic strips at microwave frequencies covered by sub-wavelength 
conformal printed elements. In Section 2.3, we discuss the mutual coupling reduction between two 
strip dipole antennas for two different cases. Section 2.4 is allocated to the conclusion. A time 
dependence of the form 𝑒−𝑗𝜔𝑡 is assumed and suppressed. 
 
 
 36 
2.2 Cloaking of 2-D Metallic Strips at Microwave Frequencies 
Here, we present the mathematical formulation to analyze the scattering problem of 2-D 
metallic elliptical cylinders and as a special case a 2-D metallic strip. Consider the infinitely long 
metallic strip shown in Figure 2.1(a), which is illuminated by a transverse magnetic (TM) plane 
wave at normal incidence (𝜃 = 90°) with an angle 𝜑 with respect to the 𝑥-axis in the 𝑥𝑦-plane. 
The 2-D cross-section is shown in Figure 2.1(b).  
 
    (a)                                         (b) 
Figure 2.1 Schematic representation of an infinitely long metallic strip with a TM-polarized plane 
wave at normal incidence: (a) metallic strip with horizontal capacitive rings and (b) 2-D cross-
section of the structure. 
In the first step, to realize the cloaking of 2-D metallic strips, we need to formulate the 
electromagnetic scattering problem. The analysis of the problem is based on the method of 
separation of variables to solve the 2-D wave equation in the elliptical coordinates (𝑢, 𝑣, 𝑧), and 
consequently, to solve the well-known Mathieu equations. Then, we express the incident, 
scattered, and transmitted electric and magnetic fields in terms of even and odd angular and radial 
Mathieu functions in the elliptical coordinates. In this regard, the incident electric field, which is 
related to the free-space region 𝑢 > 𝑢0 (𝑢0 = tanh
−1(𝑏0 𝑎0⁄ )) (Figure 2.1(b)), can be represented 
as below [41]: 
𝐸𝑧
𝑖 = √8𝜋 ∑ 𝑗−𝑛
𝐽pm(𝑞0,𝑢,𝑛)
𝑁pm(𝑞0,𝑛)
𝑆pm(𝑞0, 𝑣, 𝑛) 𝑆pm(𝑞0, 𝜑, 𝑛)𝑛                   (2.1) 
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where 𝐽pm(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the first kind, 𝑆pm(𝑞0, 𝑣, 𝑛) is the angular 
Mathieu function, 𝑁pm(𝑞0, 𝑛) is the normalization constant, 𝑢 is the radial parameter in the 
elliptical coordinate system, 𝑣 is the angular parameter, and 𝑞0 = 𝑘0
2𝐹2/4 (𝑘0 is the wave number 
in free space and 𝐹 is the focus of the ellipse or strip). The scattered electric field pertained to the 
region 𝑢 > 𝑢0 can be written as: 
𝐸𝑧
𝑠 = √8𝜋 × ∑ 𝑗−𝑛𝑎𝑝𝑚
(𝑛)
 𝐻𝑝𝑚
(1)
𝑛 (𝑞0, 𝑢, 𝑛)𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛)𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)            (2.2) 
where  𝐻𝑝𝑚
(1)(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the third kind, which indicates the outgoing 
wave, and 𝑎𝑝𝑚
(𝑛)
 are the unknown coefficients to be determined. Similarly, the transmitted electric 
field inside the dielectric spacer region 𝑢1 < 𝑢 < 𝑢0 (Figure 2.1(b)) can be expressed as: 
𝐸𝑧
𝑡 = √8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚
(𝑛)
 𝐽𝑝𝑚𝑛 (𝑞1, 𝑢, 𝑛) + 𝑐𝑝𝑚
(𝑛)
𝑌𝑝𝑚(𝑞1, 𝑢, 𝑛)] 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)     (2.3) 
where 𝑌pm(𝑞0, 𝑢, 𝑛) is the radial Mathieu function of the second kind, 𝑏𝑝𝑚
(𝑛)
 and 𝑐𝑝𝑚
(𝑛)
 are the 
unknown transmitted field expansion coefficients, and 𝑞1 = 𝑘1
2𝐹2/4 (𝑘1 is the wave number in 
the dielectric spacer). It should be noted that 𝑝 and 𝑚 denote either even or odd functions. 
The incident, scattered, and transmitted magnetic fields can be obtained by using Maxwell 
equations as follows [41]: 
𝐻𝑣
𝑖 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛
𝐽′𝑝𝑚(𝑞0,𝑢,𝑛)
𝑁𝑝𝑚(𝑞0,𝑛)
𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)𝑛              (2.4.1) 
𝐻𝑣
𝑠 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛𝑎𝑝𝑚𝐻𝑝𝑚
(1)′
𝑛 (𝑞0, 𝑢, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)         (2.4.2) 
𝐻𝑣
𝑡 =
𝑗
𝜔𝜇ℎ
√8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚 𝐽
′
𝑝𝑚𝑛
(𝑞1, 𝑢, 𝑛) + 𝑐𝑝𝑚𝑌
′
𝑝𝑚(𝑞1, 𝑢, 𝑛)]  
 × 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)                                                              (2.4.3) 
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where ℎ = 𝐹√cosh2 𝑢 − cos2 𝑣 is the scalar factor in the elliptical coordinate system. It should be 
noted that the prime indicates the derivative of the functions with respect to the variable 𝑢. 
The unknown coefficients in equations (2.2) and (2.3) can be determined by imposing the 
boundary condition at 𝑢1 = tanh
−1(𝑏1 𝑎1⁄ ) (𝑢1 = 0 for the strip case (Figure 2.1(b))), the sheet 
impedance boundary conditions for the tangential electric and magnetic fields at the metasurface 
(𝑢 = 𝑢0), and also, by applying the orthogonality property of angular Mathieu functions. It should 
be mentioned that the tangential components of the electric fields are continuous across the 
interfaces while the use of an impedance surface results in the discontinuity of the tangential 
components of magnetic fields (𝐻𝑣
tan) at the boundary: 
𝐸tan|𝑢=𝑢1 = 0                                                        (2.5.1) 
𝐸tan|𝑢=𝑢0 = 𝑍𝑠[𝐻𝑣
tan|𝑢=𝑢0+ − 𝐻𝑣
tan|𝑢=𝑢0−]                                     (2.5.2) 
where  𝑍𝑠 is the surface impedance of the metasurface. Actually, the bistatic scattering width can 
be reduced drastically for all the incident angles by choosing an appropriate value for 𝑍𝑠. For a 
metasurface formed by horizontal capacitive rings with a TM-polarized plane-wave incidence, as 
shown in Figure 2.1(a), the surface impedance can be expressed as [26, 63]: 
𝑍𝑠
TM,Capacitive
=
𝑗𝜂0𝑐𝜋
𝜔(𝜀𝑐+1) 𝐷 ln csc(
𝜋𝑔
2𝐷
)
                                           (2.6) 
where 𝐷 and 𝑔 are the periodicity and gap size, respectively, and 𝜀𝑐 is the relative permittivity of 
the dielectric spacer. The formulas of 𝑍𝑠 for a variety of metasurfaces including arrays of strips, 
mesh grids/patches, Jerusalem crosses, and crossed dipoles were presented in [26]. 
Here, to cancel the dominant scattering mode of a 2-D metallic strip, we place the focal points of 
the cloak structure at the edges of the strip (Figure 2.1(b)). To cloak an infinitely long metallic 
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strip, we need a capacitive reactance [52]. For example, to cloak the strip with the focus 𝐹 = 𝑎1 =
0.075 𝜆 = 7.5 mm at 𝑓 = 3 GHz, the required reactance is found to be 𝑍𝑠 = 𝑗85.15 Ω, which can 
be realized by the following parameters of the metasurface: 𝑎0 = 8.457  mm (𝜆0 11.82⁄ ), 𝑏0 =
3.908 mm (𝜆0 25.58⁄ ), 𝜀𝑐 = 10, 𝐷 = 8.93 mm, and 𝑔 = 0.6 mm. The results of the bistatic 
scattering widths for both uncloaked and cloaked cases of the strip with different angles of 
incidence are shown in Figure 2.2. It can be clearly seen that the bistatic scattering width is 
significantly reduced for all the incident and observation angles. Also, the total scattering width, 
as a quantitative measure of its overall visibility for all observation angles, is shown in Figure 2.3 
for the incident angle of 𝜑 = 90°, and compared with full-wave simulation results obtained with 
CST Microwave Studio [42]. In addition, a snapshot of the electric field distribution is illustrated 
in Figure 2.4 for both uncloaked and cloaked cases. It confirms the fact that fields are not disturbed 
when the metasurface is used and the strip is invisible to the incoming wave.   
 
Figure 2.2 Bistatic scattering width of a 2-D metallic strip with different incident angles for 
uncloaked and cloaked cases. 
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Figure 2.3 Total scattering width of a 2-D metallic strip with 𝜑 = 90° for uncloaked and cloaked 
cases. 
 
(a)                                       (b) 
Figure 2.4 Snapshot of the electric field distribution for at 3 GHz (a) uncloaked, and (b) cloaked 
2-D metallic strip illuminated by a TM-polarized plane wave at normal incidence with 𝜑 = 90°. 
2.3 Cloaking of Strip Dipole Antennas 
In this section, we propose cloak structures to reduce the mutual coupling effect between 
two strip dipole antennas. Therefore, the obstacle here is no longer a passive element, which affects 
the operating frequency and radiation characteristics of each of them, and also, deteriorates their 
performance. In this regard, the cloak metasurfaces are designed to hide the antennas from each 
other, and also, preserve their characteristics at their resonance frequencies with the performance 
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similar to the isolated case. Here, to present the applicability of the mantle cloaking method for 
mutual coupling reduction between two strip dipole antennas, we consider two different designs 
namely, Case I and Case II. In Case I, we suppose to have two strip dipole antennas resonating at 
𝑓1 = 1 GHz and 𝑓2 = 5 GHz, and in Case II, 𝑓1 = 3.02 GHz and 𝑓2 = 3.33 GHz. 
2.3.1 Case I 
Consider two strip dipole antennas shown in Figure 2.5(a); the longer one resonating at 
𝑓1 = 1 GHz (Antenna I) and the shorter one resonating at 𝑓2 = 5 GHz (Antenna II) with the 
dimensions of 𝑊1 = 𝑊2 = 4 mm, 𝐿1 = 130.5 mm, and 𝐿2 = 27.45 mm. Both antennas are 
optimized to be matched to a 75-Ω feed and 𝛥 = 0.2 mm. The antennas are in close proximity 
with the distance of 𝑑 = 6 mm (𝜆/10 at 𝑓 = 5 GHz and 𝜆/50 at 𝑓 = 1 GHz). The radiation 
patterns of the two antennas are shown in Figure 2.6 for the isolated scenario (Figure 2.6(a) and 
Figure 2.6(b)) and when the antennas are placed in close proximity (Figure 2.6(c) and Figure 
2.6(d)). It can be clearly seen that although Antenna II is electrically so close to Antenna I, its 
presence does not affect the radiation pattern and scattering characteristics of Antenna I because 
of its small size in comparison to the wavelength of the resonance frequency of Antenna I (𝐿2 ≈
𝜆1/11). Hence, it can be inferred that if the frequencies of the antennas are far from each other, 
the radiation properties of the longer antenna is not changed remarkably even in the scenario when 
they are located so close to each other. 
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(a)                                             (b) 
Figure 2.5 Schematics of (a) uncloaked resonant strip dipole Antenna I (left) at 1 GHz and strip 
dipole Antenna II (right) at 5 GHz, and (b) cloaked resonant strip dipole Antenna I (left) at 1 GHz 
and strip dipole Antenna II (right) at 5 GHz. 
 
                                                  (a)                                          (b) 
 
                                                   (c)                                         (d) 
Figure 2.6 3-D radiation patterns of (a) the isolated Antenna I at 1 GHz, (b) the isolated Antenna 
II at 5 GHz, (c) Antenna I in the vicinity of Antenna II at 1 GHz, and (d) Antenna II in the presence 
of Antenna I at 5 GHz. 
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On the other hand, the presence of Antenna I affects the radiation properties of Antenna II 
dramatically in a way that it no longer provides an omni-directional pattern. In Figure 2.7, the S-
parameters at the input ports of both antennas are shown for the isolated and coupled scenarios.  
 
Figure 2.7 S-parameters at the input ports of Antenna I and Antenna II for the isolated and coupled 
scenarios. 
As expected, Antenna II is no longer matched to the source perfectly due to the remarkable 
mutual coupling at 𝑓 = 5 GHz. The reflection coefficient confirms that Antenna I is not affected 
by the presence of Antenna II due to the small electrical size of Antenna II at 𝑓 = 5 GHz. Hence, 
there is no need to cloak Antenna II for the resonance frequency of Antenna I. However, in order 
to reduce the mutual coupling effect on Antenna II, we need to cover the strip dipole Antenna I 
with a mantle cloak. Here, the question is that how the cloak structure be realized since the mantle 
cloaking method, which has been proposed so far, is pertained to the cloaking of 2-D infinitely 
long dielectric and metallic objects. In [64], a 3-D mantle cloak structure is proposed to cloak a 
finite-length dielectric rod with the length of 𝐿 = 2.2 𝜆 at the design frequency of 𝑓 = 3.73 GHz 
and is verified experimentally. In our case, 𝐿1 ≈ 2.5 𝜆2 and we can consider Antenna I to be long 
enough with comparison to the wavelength of Antenna II. Therefore, by applying the analytical 
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approach used to cloak infinite length metallic elliptical cylinders and strips, a good approximation 
for the parameters of the cloak design can be found. It should be noted that the object to be cloaked 
in the analytical method is assumed to be under a transverse magnetic (TM) plane-wave excitation, 
while in our scenario each dipole antenna is excited by the near fields of the other one, which, in 
principle, is different from an ideal plane-wave excitation. In fact, in spite of this difference, since 
the radiation of the dipole antenna is dominated by the TM polarization, the cloaking effect is 
robust to this excitation as well. Here, the required reactance is found to be 𝑍𝑠 = 𝑗28 Ω, which can 
be realized by the following parameters of the metasurface: 𝑎0 = 2.2 mm (𝜆0 27.27⁄ ), 𝑏0 =
0.9165 mm (𝜆0 65.46⁄ ), 𝜀𝑐 = 25, 𝐷 = 6.515 mm, and 𝑔 = 1.29 mm. To calculate the parameters 
of the metasurface, we consider the infinitely long strip with the dielectric spacer and find the 
optimum Zs with the same process explained in Section 2.2. Here, in our design, based on the 
mathematical formulation for the infinitely long strip, we have 𝑔 = 0.4 mm for the respective 
optimum value of 𝑍𝑠 = 𝑗28 Ω, and the optimum value obtained by simulation is found to be 𝑔 =
1.29 mm. In fact, if we use a spacer with bigger semi-axes 𝑎0 and 𝑏0, the difference between these 
two values will be close to zero, and thus, we can obtain  the exact value by mathematical 
formulation. It should be also noted that if we use a symmetric metasurface with respect to the 
feed point of the antenna instead of the non-symmetric one shown in Figure 2.5(b), again, we 
obtain the same cloaking behavior. There will be only a slight frequency shift from 5 GHz to 4.95 
GHz for Antenna II (The results are not shown here for the sake of brevity). Figure 2.8 illustrates 
the total Radar Cross-Section (RCS) of Antenna I illuminated by a TM-polarized plane wave at 
normal incidence for both uncloaked and cloaked scenarios.  
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Figure 2.8 Total RCS of Antenna I for the uncloaked and cloaked cases with the TM-polarized 
plane wave at normal incidence with 𝜑 = 90°. 
 
In the absence of the cloak design, the electric field is intensively disturbed, and 
consequently, the presence of Antenna I exacerbates the matching characteristics of Antenna II 
and deforms its omni-directional radiation pattern. On the other hand, the presence of the mantle 
cloak reduces the total RCS of Antenna I drastically, which results in the invisibility of it in front 
of Antenna II and leads to the restoration of the matching characteristics and the omni-directional 
radiation pattern of Antenna II as confirmed by Figures 2.9 and 2.10. Also, Figure 2.11 shows the 
radiation pattern of the strip dipole antennas in three different scenarios of (i) isolated, (ii) coupled 
but uncloaked, and (iii) the scenario in which Antenna I is cloaked with respect to the resonance 
frequency of Antenna II (Figure 2.5(b)) in the H-plane (𝑥𝑦-plane) and E-plane (𝑥𝑧-plane). It is 
obvious that a remarkable restoration of the original pattern for Antenna II is obtained by applying 
the capacitive horizontal mantle cloak to Antenna I. Actually, the presence of Antenna I changes 
the H-plane pattern of Antenna II intensively (Figure 2.11(b)) and forces Antenna II to have a 
directional pattern with a high gain of 5.69 dB. To compensate this large uncloaked pattern, as 
mentioned above, Antenna I is cloaked with respect to the resonance frequency of Antenna II, 
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which results in the restoration of the radiation pattern of Antenna I. In addition, Figure 2.11(c) 
shows that the radiation pattern of Antenna I is not affected by the presence of Antenna II, not only 
at its first resonance frequency but also at its second resonance frequency (3 GHz). Therefore, the 
antennas are invisible to each other. 
 
Figure 2.9 S-parameters coefficients at the input ports of Antenna I and Antenna II pertained to 
the scenario in which Antenna I is cloaked for the resonance frequency of Antenna II and the 
antennas are in close proximity. 
 
Figure 2.10 3-D radiation patterns of Antenna I at 1 GHz (left) and Antenna II at 5 GHz (right) 
for the scenario in which Antenna I is cloaked for the resonance frequency of Antenna II and the 
antennas are in close proximity. 
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                                                         (a)                                    (b) 
 
                                                        (c)                                    (d) 
 
                                                      (e)                                        (f) 
Figure 2.11 Gain patterns of (a) Antenna I at 1 GHz in the H-plane, (b) Antenna II at 5 GHz in 
the H-plane, (c) Antenna I at 1 GHz in the E-plane, (d) Antenna II at 5 GHz in the E-plane, (e) 
Antenna I at 3 GHz in the E-plane, and (f) Antenna I at 3 GHz in the H-plane. 
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2.3.2 Case II 
In this section, we consider two strip dipole antennas resonating at slightly different 
frequencies of 𝑓1 = 3.02 GHz and 𝑓2 = 3.33 GHz, which are separated with a short distance of 
𝑑 = 𝜆/10 at 𝑓 = 3 GHz (Figure 2.12). The radiation patterns of the isolated strip dipoles at their 
respective resonance frequencies are shown in Figures 2.13(a) and 2.13(b). In addition, the 
reflection coefficient of each antenna at its input port for the isolated scenario is shown in Figure 
2.13(c). 
Now, the antennas are placed in close proximity to each other. As expected, the presence 
of each of the antennas affects the radiation pattern of the other one drastically because the near-
field distribution is changed, and therefore, the input reactance is changed remarkably, which leads 
to directive radiation patterns as shown in Figure 2.14. 
 
(a)                        (b) 
Figure 2.12 Schematics of (a) uncloaked resonant strip dipole Antenna I (left) at 3.02 GHz and 
strip dipole Antenna II (right) at 3.33 GHz, and (b) cloaked resonant strip dipole Antenna I (left) 
at 3.02 GHz and cloaked strip dipole Antenna II (right) at 3.33 GHz. 
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(a)                                       (b) 
 
(c) 
Figure 2.13 3-D radiation patterns of (a) the isolated Antenna I at 3.02 GHz, (b) the isolated 
Antenna II at 3.33 GHz, and (c) the reflection coefficient of Antenna I and Antenna II. 
 
                                                (a)                                            (b) 
Figure 2.14 3-D radiation patterns of (a) Antenna I in the vicinity of Antenna II at 3.02 GHz and 
(b) Antenna II in the presence of Antenna I at 3.33 GHz. 
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To reduce the mutual coupling, we cover each dipole antenna with an elliptically shaped 
metasurface consisting of inductive vertical strips and a spacer between the strips and the 
metasurface. The presence of the spacer, and then, the cloak structure, changes the resonance 
frequency of the antenna in a way that the frequency is shifted to a lower value. Therefore, we 
reduce the length of each antenna in order to provide good matching at the desired resonance 
frequency. Here, the length of Antenna I is reduced from 𝐿1 = 45.8 mm to 𝐿1 = 41.4 mm and the 
length of Antenna II is reduced from 𝐿2 = 41.5 mm to 𝐿2 = 38.8 mm.  
On the other hand, the parameters of the cloak structure should be chosen in a way that 
each antenna is invisible at the resonance frequency of the other one. We have performed an 
appropriate optimization to minimize the 3-D total cross-section of each dipole antenna under the 
transverse magnetic (TM) plane-wave excitation. To explain the design process, it should be 
mentioned that, initially, we consider having 𝑁 = 3 as the total number of vertical strips for each 
antenna, which implies to have the periodicity 𝐷 = 3.4034 mm. Then, we have two parameters in 
order to tune each metasurface: (i) the widths of the vertical strips and (ii) the permittivity of the 
dielectric spacer. In the next step, we perform a case study optimization in a way that we fix all 
the parameters, and also, one of these two parameters and change the other one, and investigate 
the behavior of the cloak structure and the resonance frequency of each antenna. The careful 
parametric study for these two parameters leads to optimum values for the design. The reflection 
coefficients and 3-D radiation pattern of the antennas are shown in Figures 2.15 and 2.16.  
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It should be mentioned that the parameters of Antenna I and its respective cloak structure 
are: 𝑊1 = 4 mm, 𝑎0 = 2.2 mm, 𝑏0 = 0.9165 mm, 𝐿1 = 41.4 mm, 𝐷 = 3.4034 mm, 𝑤 = 0.35 
mm, 𝜀𝑟 = 6.15 and the parameters of Antenna II and its cloak are: 𝑊2 = 4 mm, 𝑎0 = 2.2 mm, 
𝑏0 = 0.9165 mm, 𝐿2 = 41.4 mm, 𝐷 = 3.4034 mm, 𝑤 = 0.3 mm, 𝜀𝑟 = 9.8. 
 
(a) 
 
(b) 
Figure 2.15 (a) Reflection coefficient of Antenna I after being cloaked, and (b) the radiation 
pattern of the antenna for the cloaked case (left) at 3.02 GHz and the total scattering width of 
Antenna I for the uncloaked and cloaked cases (right) with a TM-polarized plane wave at normal 
incidence with 𝜑 = 90°. 
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(a) 
 
(b) 
Figure 2.16 (a) The reflection coefficient of Antenna II after being cloaked, and (b) the radiation 
pattern of the antenna for the cloaked case (left) at 3.33 GHz and the total scattering width of 
Antenna II for the uncloaked and cloaked cases (right) with a TM-polarized plane wave at normal 
incidence with 𝜑 = 90°. 
Up to now, it has been shown that when two strip dipole antennas, each resonating at a 
frequency slightly different from the resonance frequency of the other antenna, are put together in 
very close proximity, their respective reflection coefficient and radiation pattern are totally 
changed in a way that the antennas are no longer matched to their feed due to the high level of 
mutual coupling. In order to reduce the mutual coupling in this case, we have utilized inductive 
vertical strips [61] to cloak each antenna for the resonance frequency of the other one, and at the 
same time, by optimizing the parameters of the cloak metasurfaces, each of the antennas is matched 
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to its feed, and its resonance frequency is restored, while they are kept isolated. Now, we expect 
that the antennas preserve their radiation and matching properties when they are put together with 
an electrically small distance. The 3-D gain patterns of the antennas and their S-parameters are 
shown in Figure 2.17. It is evident that by covering the antennas with the elliptical metasurfaces, 
the original patterns and scattering parameters of the antennas are restored significantly, despite 
being in very close vicinity of each other. Figure 2.18 shows the gain patterns of Antenna I and 
Antenna II at  𝑓1 = 2.9491 GHz and 𝑓2 = 3.3515 GHz, respectively, in the E-plane and H-plane 
for three different scenarios of (i) isolated, (ii) uncloaked, and (iii) cloaked. In addition, we have 
also investigated the robustness of the designed metasurface cloaks for different proximity 
distances; especially for the case they are located further. In Figure 2.19, we show the H-plane 
radiation patterns of the antennas (E-plane patterns are omitted for the sake of brevity), for the 
proximity distance of 𝑑 = 0.15 𝜆 at the resonance frequency of each antenna, and also, at 𝑓 =
2.92 GHz for Antenna I, and 𝑓 = 3.37 GHz for Antenna II. It can be concluded that the optimal 
designs provide high endurance with respect to the proximity distance, and also, at the frequencies 
close to the resonance frequency of the antennas. 
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                                                 (a)                                           (b) 
 
(c) 
Figure 2.17 3-D radiation patterns of (a) Antenna I at 2.9491 GHz, (b) Antenna II at 3.3515 GHz, 
and (c) S-parameters at the input ports of Antenna I and Antenna II pertained to the scenario in 
which each antenna is cloaked for the resonance frequency of the other one and put in very close 
vicinity of it.  
 
                                                      (a)                                       (b) 
 
                                                       (c)                                     (d) 
Figure 2.18 Gain patterns of (a) Antenna I at 2.9491 GHz in the H-plane, (b) Antenna II at 3.3515 
GHz in the H-plane, (c) Antenna I at 2.9491 GHz in the E-plane, and (d) Antenna II at 3.3515 GHz 
in the E-plane. 
 55 
 
                                                       (a)                                     (b) 
 
                                                       (c)                                     (d) 
Figure 2.19 Gain patterns of (a) Antenna I at 2.92 GHz (left) and 2.9491 GHz (right) in the H-
plane and (b) Antenna II at 3.3515 GHz (left) and 3.37 GHz, in the H-plane for the proximity 
distance of 𝑑 = 0.15 𝜆 (The isolated (alone), uncloaked, and cloaked cases are shown by black 
solid line, red solid line and the dashed blue line, respectively).  
2.4 Conclusion 
In this chapter, we have proposed to utilize the mantle cloaking method in order to make 
resonating strip dipole antennas hidden from each other, and consequently, to reduce the mutual 
coupling between antennas. It has been shown that if the frequencies of the antennas are far from 
each other, the analytical approach to cloak an infinitely long 2-D strip, considered as a 
degenerated 2-D elliptical cylinder, can be adopted as a good approximation to provide invisibility 
for the antenna resonating at the lower frequency. The analytical method is based on the solution 
of the scattering problem by expressing the incident and scattered fields in terms of Mathieu 
functions in elliptical coordinates, and also, by using sheet impedance boundary conditions at the 
metasurface. Also, it has been shown that the matching characteristics and radiation patterns of 
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two strip dipole antennas resonating at slightly different frequencies can be restored remarkably 
by covering each antenna with an elliptical metasurface. The numerical results confirm that the 
radiation properties and matching characteristics of the antennas are recovered in a way that they 
seem to be unperturbed as they were isolated. 
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CHAPTER III 
REDUCTION OF MUTUAL COUPLING IN PRINTED ANTENNAS  
 
3.1 Introduction 
Metamaterials have drawn much attention in recent years and been utilized widely in order 
to provide electromagnetic invisibility by suppressing both bi-static and total scattering cross-
sections (SCS) of the object to be cloaked. In this regard, various methods have been proposed 
such as transformation optics [5, 7], anomalous resonance method [11], transmission-line networks 
[12, 14], and plasmonic cloaking [15, 19, 20, 45, 46], among others. These techniques rely on bulk 
volumetric metamaterials and are difficult to realize in practice. To surmount the issue, a different 
cloaking technique has been presented based on the concept of mantle cloaking [21]–[28], in which 
an ultrathin metasurface is used for drastic reduction of the dominant scattering mode of the object 
to be cloaked. In this method, conformal lightweight cloaks provide anti-phase surface currents to 
lower the echo width of a given object remarkably. The mantle cloaking method has also been 
implemented at low-THz frequencies by using a graphene monolayer and a nanostructured 
graphene patch array [26, 27]. Recently, the idea of mantle cloaking has been extended and an 
analytical framework for the analysis of the electromagnetic cloaking of dielectric and metallic 
elliptical cylinders and 2-D metallic strips has been presented in [50, 65], where the cloak 
structures are realized by a graphene monolayer and a nanostructured graphene patch array at low-
THz frequencies, and also, by conformal arrays of sub-wavelength periodic elements at microwave 
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frequencies.  
In addition to non-invasive probing, camouflaging, and imaging, one of the interesting 
applications of cloaking technology can be considered to be the reduction of mutual coupling 
between antennas [4]. The destructive mutual coupling effect pertaining to the existence of other 
elements has always been an important issue in antenna applications and designs. For instance, 
multiple antennas can be installed in a compact space on complex structures such as shipboards 
[66] and lowering the coupling levels is highly required. It should be also mentioned that 
suppressing the mutual coupling caused by the presence of an antenna is more complicated than 
the case, in which a passive element is present [54]–[57], due to the fact that the cloak structure 
for an antenna ought to be designed in such a way that provides coupling reduction, and at the 
same time, preserves the electromagnetic performance of the antenna. Regarding this, recently, the 
concept of electromagnetic invisibility has been applied [3, 61, 67] to short and half-wavelength 
dipole antennas. In [3], the plasmonic cloaking method has been used for making a sensor (a short 
dipole antenna) invisible while being able to receive an incoming signal. In [61], the mantle 
cloaking method has been utilized to suppress the mutual blockage effects between two cylindrical 
dipole antennas with close resonance frequencies. In [67], confocal elliptical 1-D printed sub-
wavelength elements have been applied to cloak strip dipole antennas in free space, and 
consequently, led to the restoration of the matching characteristics and radiation patterns of the 
antennas. 
Microstrip antennas are widely used in modern crowded electromagnetic environments 
such as airborne and wireless communications, wherein demands for high performance, reliability, 
compactness, and lightweight ought to be met. However, this leads to the increase in mutual 
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coupling level between closely spaced radiators. The sources of this unwanted destructive effect 
related to planar microstrip antennas can be classified as: (i) near-field coupling, (ii) far-field 
coupling, and (iii) surface-wave coupling [68]. The near-field coupling arises when an antenna is 
located in the near-field zone (Fresnel region) of another antenna, wherein electromagnetic fields 
are reactive and decrease rapidly as the distance becomes larger. It should be mentioned that this 
type of coupling will be more pronounced in case of low-permittivity substrates due to the fact that 
the wavelength in the substrate is very close to that of the free-space, and will deteriorate the 
radiation properties of antennas drastically. On the other hand, the far-field coupling or the space-
wave coupling occurs due to the radiation energy absorbed by an antenna located in the far-field 
zone (Fraunhofer Region) of another antenna. This type of coupling will be more involved in 
power interactions between antennas if a thin grounded dielectric substrate is used. Besides these 
coupling mechanisms, a microstrip antenna typically excites surface waves, which are guided by 
its dielectric substrate and ground plane. Surface waves are critical only when the thickness of the 
substrate is large [69] in a way that the ratio of the substrate thickness (ℎ) to the free-space 
wavelength (𝜆0) is equal or greater than ℎ/𝜆0 = 0.048/√𝜀𝑟 (𝜀𝑟 is the relative permittivity of the 
substrate) [68]. 
Various methods have been proposed in several papers in the literature in order to deal with 
the problem of mutual coupling between printed antennas. In [52], mushroom-like electromagnetic 
band gap (EBG) structures have been utilized in order to suppress surface waves, caused by thick 
and high permittivity substrates, for antennas with a separation of 𝑑 =  0.75 𝜆0 with the use of unit 
cells connected to the ground through via. In addition to various EBG designs [70]–[75], defected 
grounded structures (DGS) [76]–[80], realized by etching the ground plane with a specific shape, 
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which manipulates the current distribution of an antenna, have been proposed to provide a 
bandstop effect due to the combination of inductance and capacitance, and thus, lower near-field 
coupling and surface-wave coupling. This frequency bandgap can be controlled by changing the 
shape (such as U-shaped [80], circular [81], elliptical [82], and dumbbell [83]), dimension and 
position of the designed DGS. For instance, in [80], a U-shaped DGS and an inverted U-shaped 
resonator have been employed to reduce the near-field coupling between two nearby microstrip 
antennas resonating at slightly different frequencies with a separation of 𝑑 =  0.4 𝜆1 (𝜆1 is the 
wavelength related to the antenna with the lower frequency). In [84], an approach based on the 
idea of field cancellation has been introduced to suppress the mutual coupling (near-field coupling 
mechanism) between two closely spaced metamaterial-inspired printed monopole antennas. 
However, it should be mentioned that this method is not applicable for higher frequencies such as 
the upper WiFi band (5.15–5.8 GHz). Besides, insertion of slits [85] and parasitic elements [86]–
[89] are other techniques to be mentioned. It is worth noting that in spite of numerous techniques 
and designs that have been proposed so far, to establish and develop an efficient method for the 
reduction of mutual coupling, without affecting antenna characteristics and radiation patterns, is 
still immensely challenging.   
Here, we propose a novel technique to lower the electromagnetic interaction between 
microstrip antennas and overcome the mutual coupling blockage effect on the basis of the well-
known mantle cloaking method [26, 27]. To explicate further, it should be mentioned that, 
fundamentally, this approach is inspired by the cloaking of 2-D elliptical objects discussed in [65], 
wherein confocal and conformal elliptically shaped metasurfaces make it possible to provide 
electromagnetic invisibility for infinitely long metallic elliptical cylinders and strips. Also, in [67], 
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it has been shown that this concept can be applied to half-wavelength free-standing strip dipole 
antennas considered as 3-D elliptical objects. In order to extend and link the concept of 
electromagnetic invisibility (realized by metasurfaces) to the suppression of mutual coupling 
between printed antennas, it is worth noting that the non-symmetric configuration of metallic strips 
(in terms of bi-static scattering cross-section) in microstrip technology necessitates the use of 
elliptical cloak structures [65, 67]. In fact, the cloak designs provided in [61] for free-standing 
cylindrical dipole antennas cannot be extended to microstrip antennas due to the circular cross-
sections of the antennas and their respective metasurface cloaks. To meet the requirements of 
coupling reduction in printed technology, here we propose the idea of suppressing the 
electromagnetic interactions between antennas based on the technique presented in [67] and 
demonstrate that how elliptically shaped metasurfaces can overcome the mutual coupling between 
microstrip-fed monopole antennas. To convey the novel idea, we consider two microstrip-fed 
monopole antennas resonating at slightly different frequencies and show that by covering each 
antenna with a properly designed conformal elliptical metasurface (the foci of each elliptical 
metasurface coincides with the edges of each strip) formed by printed arrays of sub-wavelength 
periodic elements, partially embedded in the substrate, the antennas become invisible to each other 
and their radiation patterns are restored as if they were isolated. Since the mantle cloaking method 
provides invisibility for small and large distances [27], it should be noted that our proposed cloak 
structure and the resulting mutual coupling reduction works for both near-field and far-field 
regions. The surface-wave coupling can be neglected due to the low-permittivity substrate used in 
our design.  
This chapter is organized as follows. Section II is devoted to the design procedure. In 
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Section III, we introduce the proposed mantle cloak design and we describe how elliptically shaped 
sub-wavelength conformal printed elements involve in the reduction of near-field coupling and 
far-field coupling between the microstrip-fed monopole antennas. Section IV is allocated to the 
conclusion.  
3.2 Design Procedure 
To clarify the design procedure and discuss the application of elliptically shaped 
metasurfaces for mutual coupling reduction between the antennas with metallic strip inclusions, 
first of all, it is worth noting that this type of mantle cloaks is inspired by the analytical approach 
used for cloaking infinitely long metallic elliptical cylinders and strips, wherein the object to be 
cloaked is supposed to be under a transverse magnetic (TM) plane-wave excitation [65]. The 
analytical method is based on the solution of the scattering problem by expressing the incident and 
scattered fields in terms of Mathieu functions in elliptical coordinates, and also, by using sheet 
impedance boundary conditions at the metasurface, which implies the fact that the metasurface 
cloak should be conformal and confocal with respect to the object in order to achieve efficient 
electromagnetic invisibility. Although elliptical objects have been considered to be infinitely long 
in this method, recently, in [67], it has been shown that the idea can be generalized to the objects 
with finite lengths, and it has been illustrated that by covering strip dipole antennas with elliptical 
metasurfaces, the antennas become invisible to each other, and thus, mutual coupling reduction 
can be obtained. Here, the question is that how elliptical cloak structures can be realized for the 
antennas widely used in printed technology. 
An interesting feature of the aforementioned metasurface cloaks is that once the optimized 
parameters for the free-standing dipole antennas are found, these parameters can be applied to 
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other antenna structures of the same frequency such as free-standing monopole antennas and dipole 
antennas printed on a low-permittivity substrate. In addition, it should be mentioned that in case 
of high-permittivity substrates or a substrate with a ground plane, again the same cloak structures 
are applicable, and can be used by only modifying the permittivity of the dielectric spacer of the 
cloak, which will be discussed for microstrip-fed monopole antennas in the next section. For 
example, for the monopole antennas shown in Figure 3.1, namely Antenna I (left) and Antenna II 
(right), with the parameters: 𝐿1 = 22.75 mm, 𝐿2 = 20.65 mm, 𝑊 = 4 mm, ∆= 0.1 mm, 𝐷 =
3.4034 mm, 𝑎 = 2.2 mm, 𝑏 = 0.9165 mm, 𝜀𝑐1 = 6.15,  𝜀𝑐2 = 9.8, 𝑤1 = 0.35 mm, 𝑤2 = 0.3 
mm, and a separation of 𝑑 =  10 mm, 𝑓1 =  3.02 GHz and 𝑓2 =  3.33 GHz, mutual coupling 
reduction can be obtained by covering the antennas with the same metasurface cloaks formed by 
inductive vertical strips presented in [67] with no modifications.   
Figure 3.2 shows the gain patterns of Antenna I and Antenna II at  𝑓1 = 2.9 GHz and 𝑓2 =
3.3 GHz, respectively, in the E-plane and H-plane for three different cases of (i) isolated, (ii) 
uncloaked, and (iii) cloaked. It can be clearly seen that by using the same elliptically shaped 
metasurface cloaks as the ones provided in [67], the monopole antennas can be hidden from each 
other, and thus, their radiation patterns are restored. The S-parameters of the antennas are not 
shown here for the sake of brevity.  
 64 
 
Figure 3.1 Schematics of monopole Antenna I and Antenna II for (a) uncloaked and (b) cloaked 
cases. Cross-section view of the cloak structure and the metasurface for (c) Antenna I and (d) 
Antenna II. 
 
Figure 3.2 Gain patterns of Antenna I at 2.9 GHz (a) in the E-plane and (b) in the H-plane, and 
Antenna II at 3.3 GHz (c) in the E-plane and (d) in the H-plane. 
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 Here, we present another example in order to verify the fact that  the metasurface cloaks 
designed and optimized for free-standing dipole antennas can be applied to achieve mutual 
coupling reduction for well-known printed dipole antennas. For instance, consider two dipole 
antennas resonating at slightly different frequencies printed on a common Rogers RT/duroid 5880 
substrate with 𝜀𝑟 = 2.2 and ℎ = 1.575 mm as shown in Figure 3.3. We place the dipole antennas 
close to each other with a short distance of 𝑑 =  0.1 𝜆 at 𝑓 =  3 GHz. As expected, the presence 
of each antenna affects the radiation pattern of the other one intensely, and thus, they no longer 
provide their original radiation patterns. Now, by covering the antennas with the elliptical 
metasurfaces used for the previous example (as provided in [67]), the mutual near-field coupling 
between the antennas decreases drastically, and the original patterns of the antennas are restored 
significantly. Figure 3.4 shows the gain patterns of Antenna I and Antenna II at  𝑓1 = 2.9 GHz and 
𝑓2 = 3.3115 GHz, respectively, in the E-plane and H-plane for isolated, uncloaked, and cloaked 
cases. 
As a summary, to explain the design process for printed antennas, it should be mentioned 
that similar to the design process in [67], initially, we consider to have a specific value for the total 
number of vertical strips of the cloak structure, which implies to have a specific value for the 
periodicity (𝐷) due to the perimeter of the dielectric spacer. Then, we deal with the change in two 
parameters to tune the properties of each metasurface: i) the widths of the vertical strips and ii) the 
permittivity of the dielectric spacer (𝜀𝑐). Subsequently, we perform a case study optimization in 
such a way that all the parameters are considered to be constant along with one of these two 
parameters, and by varying the other one, we examine the cloaking behavior in terms of the mutual 
scattering parameter (S12) and the change in the resonance frequency of each antenna. This careful 
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and systematic study leads to finding optimum values for the elliptically shaped metasurface. As 
discussed in details in [67], for the case of the antennas with the frequencies far from each other, 
the cloak parameters can be found directly from the analytical approach by solving the scattering 
problem in terms of Mathiue function, which makes the design process much easier. 
 
Figure 3.3 Schematics of printed monopole Antenna I and Antenna II for (a) uncloaked and (b) 
cloaked cases. 
 
Figure 3.4 Gain patterns of Antenna I at 2.9 GHz (a) in the E-plane and (b) in the H-plane, and 
Antenna II at 3.3115 GHz (c) in the E-plane and (d) in the H-plane. 
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3.3 Cloaking of Microstrip-Fed Monopole Antennas and Reduction of Mutual Coupling 
Here, we present the mechanism of mutual coupling reduction between two microstrip-fed 
monopole antennas based on the mantle cloaking method, realized by confocal elliptically shaped 
metasurfaces. In order to clarify the problem, we consider three different cases of (i) isolated, (ii) 
uncloaked, and (iii) cloaked. First of all, we study the radiation pattern and reflection coefficient 
of each antenna in the isolated case, wherein the antennas are supposed to operate while no other 
object is present. Then, we consider the antennas to be in the proximity of each other with no cloak 
structures, and investigate the effects of this case, in which the antennas are coupled to each other 
and exchange power. Finally, we consider the cloaked case, wherein the antennas are covered by 
appropriately designed elliptical metasurfaces in order to compensate and neutralize the coupling 
effects, and thus, restore the radiation patterns and impedance characteristics of the antennas as if 
they were isolated. It is of paramount importance that these elliptical metasurface cloaks should 
be engineered in such a way that make the antennas invisible to each other, and simultaneously, 
preserve their impedance characteristics at their resonance frequencies with the performance 
similar to the isolated case. 
Since a low-permittivity substrate has been used here and ℎ/𝜆2 < 0.048/√𝜀𝑟 (ℎ/𝜆2 =
0.017 and 0.048/√𝜀𝑟 = 0.032, and 𝜆2 is the wavelength of the antenna with the higher 
frequency), the surface-wave coupling is weakly excited and its effect on the resulting mutual 
coupling between the antennas can be neglected. Due to this condition, in the upcoming sub-
sections, two different scenarios are studied in details in order to suppress the near-field coupling 
and the far-field coupling between the antennas. In the first scenario, we consider the antennas to 
be separated in a way that they are in the near-field region of each other, and in the second scenario, 
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the antennas are located in the far-field region of each other, wherein the near-field and far-field 
coupling mechanisms are dominant, respectively.  
3.3.1 Scenario I – Reduction of Near-Field Coupling 
As mentioned in Section I, the presence of a microstrip antenna in the near-field region of 
the other one results in power exchange between the antennas and this mutual coupling may change 
the characteristics of each antenna. To present the applicability of the proposed coupling reduction 
method, first of all, here we consider two microstrip-fed monopole antennas in the isolated case 
resonating at 𝑓1 = 3 GHz (Antenna I) and 𝑓2 = 3.33 GHz (Antenna II), each on a Rogers 
RT/duroid 5880 substrate with 𝜀𝑟 = 2.2 and ℎ = 1.575 mm, and a partial ground structure (non-
symmetric with respect to the location of the antennas) as shown in Figure 3.5 with the parameters: 
𝐿 = 55 mm, 𝑀 = 63 mm, 𝐿1 = 37.65 mm, 𝐿2 = 35.4 mm, 𝑊 = 4 mm, 𝑠 = 19.5 mm, and 𝐺 =
17 mm. Also, the reflection coefficients and radiation patterns of the antennas related to the 
isolated case are shown in Figures 3.6 and 3.7, respectively. Full-wave simulations have been 
performed by using CST Microwave Studio [42].  
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Figure 3.5 Schematics of the top view of (a) the isolated microstrip-fed monopole Antenna I at 3 
GHz, and (b) the isolated monopole Antenna II at 3.33 GHz. (c) The bottom view of the antennas. 
 
Figure 3.6 Reflection coefficients at the input ports of Antenna I and Antenna II for the isolated 
case. 
 
Figure 3.7 3-D linear gain patterns of the isolated (a) Antenna I at 3 GHz and (b) Antenna II at 
3.33 GHz. 
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To study the coupling effect, we place the aformentioned planar monopole antennas close 
to each other with a short distance of 𝑑 =  0.16 𝜆1 (𝜆1 is the wavelength related to Antenna I) at 
𝑓 =  3 GHz (Figure 3.8(a)). As expected, in the coupled but uncloaked case, the presence of each 
antenna changes the radiation pattern of the other one drastically, and thus, they no longer provide 
their original radiation patterns as illustrated in Figures 3.8(b) and 3.8(c). 
 
 
Figure 3.8 Schematics of microstrip-fed monopole Antenna I (left) and Antenna II (right) for the 
coupled but uncloaked case. 3-D linear gain patterns of (b) Antenna I at 3 GHz and (c) Antenna II 
at 3.33 GHz. 
Now, in order to surmount the issue mentioned above and overcome the blockage effect of 
the near-field coupling between the antennas, we propose to cover the radiating part of each 
antenna with its respective conformal elliptical metasurface formed by confocal printed arrays of 
sub-wavelength periodic elements, partially embedded in the substrate. The configuration of the  
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antennas with the proposed cloak structures are shown in Figure 3.9 with the parameters: 𝑅1 =
20.65 mm and 𝑅2 = 18.4 mm. 
 
Figure 3.9 Schematics of Antenna I and Antenna II for the cloaked case. Cross-section view of 
the antennas in the cloaked case. The metasurface cloak for (c) Antenna I and (d) Antenna II in 
the cloaked case. 
To achieve an appropriate cloak design for the antennas, according to the design procedure 
mentioned in the previous section, we consider to have 𝑁 = 3 as the total number of vertical strips 
of the cloak structure, which implies to have 𝐷 = 3.4034 mm due to the perimeter of the dielectric 
spacer with 𝑎 = 2.2 mm and 𝑏 = 0.9165 mm. In order to find optimum values for the parameters 
of the cloak structures, initially, we consider the dimensions mentioned in the previous section for 
the free-standing monopole antennas and the printed dipole ones, exactly the same as the 
parameters given in [67]. Based on these initial values and following the procedure explained in 
Section II, we perform a careful case study to find the optimum values for which the interaction 
 72 
and coupling between the antennas will be minimized, and at the same time, their input impedances 
will be recovered. The optimum values of the elliptically shaped metasurface cloaks obtained by 
numerical simulations are: 𝜀𝑐1 = 5.55,  𝜀𝑐2 = 9.8, 𝑤1 = 0.35 mm, and 𝑤2 = 0.3 mm. It can be 
clearly seen that the same metasurfaces as the ones mentioned in the previous section can be 
applied to the microstrip-fed antennas here, only with a slight change in 𝜀𝑐1 from 𝜀𝑐1 = 6.15 to 
𝜀𝑐1 = 5.55. The 3-D linear gain patterns of the antennas along with their S-parameters are shown 
in Figure 3.10. The results imply the fact that covering the radiating parts of each antenna by its 
respective properly designed cloak leads to the restoration of the radiation patterns of the antennas 
and recovering their input impedance characteristics qualitatively. To compare the uncloaked and 
cloaked cases quantitatively in terms of the mutual scattering parameter (S12), it should be 
mentioned that at 𝑓 = 2.97 GHz, the S12 is reduced about 25.5 dB, and at 𝑓 = 3.35 GHz, the S12 
is improved about 29.5 dB, which confirms the applicability of the mantle cloaks for suppressing 
the near-field coupling between these monopole antennas. In addition, it can be observed that the 
3-D patterns of the antennas are very much similar to the isolated case shown in Figures 3.7(b) 
and 3.7(c). Here, to provide a fair comparison between the radiation patterns, the 2-D linear gain 
patterns of the antennas for the isolated, coupled but uncloaked, and cloaked cases are illustrated 
in Figure 3.11 in the H-plane (𝑥𝑦-plane) and E-plane (𝑥𝑧-plane). It is obvious that the radiation 
patterns of the antennas are recovered remarkably by applying the metasurfaces formed by 
inductive vertical strips. Actually, the presence of each antenna forces the pattern of the other one 
to become highly directive in the absence of the cloak structures, while in case of their presence, 
the antennas radiate in a very much similar way to the isolated case.  
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Figure 3.10 (a) S-parameters of the antennas for the coupled but uncloaked case and the cloaked 
case. 3-D linear gain patterns of (b) Antenna I at 2.95 GHz and (c) Antenna II at 3.35 GHz. 
 
Figure 3.11 Linear gain patterns of Antenna I at 2.95 GHz (a) in the H-plane and (b) in the E-
plane. Linear gain patterns of Antenna II at 3.35 GHz (c) in the H-plane and (d) in the E-plane.  
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To clarify further the concept of mutual coupling reduction based on the proposed design, 
the time snapshots of the electric field distributions of the antennas are shown for the top view in 
Figure 3.12. For the uncloaked case, the electric fields of each antenna is intensively perturbed due 
to the presence of the other antenna in its near-field region, and the power is coupled to the port of 
the neighboring antenna through the microstrip feed line. On the other hand, the presence of the 
mantle cloaks reduces the field interaction between the antennas by making the radiating parts of 
the antennas invisible to each other, and thus, the electric fields produced by each antenna are not 
sensed by the input port of the other antenna. Also, in Figure 3.13, a cross-section view of the 
electric field distribution at 𝑧 = 25 mm is provided, in which Antenna I is excited but Antenna II 
is passive. It can be clearly seen that in the cloaked case, the radiator part of Antenna II is invisible 
to the incoming near fields originated from Antenna I, while in the uncloaked case the electric 
field is coupled to Antenna II and the radiation power of Antenna I is transferred to Antenna II. In 
Figure 3.14, the current distributions of the antennas are shown for different cases and the top 
view. In the uncloaked case, the microstrip-fed antennas are strongly involved in the near-field 
coupling and each excited antenna induces a surface current on the neighboring antenna. However, 
when the radiating parts of the antennas are cloaked, due to the nature of the mantle cloaking 
method, in which anti-phase surface currents are produced by the cloak structure to cancel the 
induced currents on the object to be cloaked, induced surface currents are canceled by the 
elliptically shaped metasurfaces and will not reach the input port of the neighboring antenna. 
Hence, the mutual coupling between the antennas will be lowered drastically in a way that the 
antennas do not sense the presence of each other. 
In addition to the parameters mentioned above, here we consider the results of the total 
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radiation efficiencies of the antennas, simulated and calculated by using CST Microwave Studio, 
plotted in Figure 3.15. It can be observed that the total efficiencies of the antennas have been 
improved in the cloaked case in comparison to the uncloaked case at their resonance frequencies. 
It should be emphasized that the presence of the metasurfaces not only improves the total 
efficiency of each antenna at its own frequency, but also reduces its efficiency drastically at the 
resonance frequency of the other antenna, and thus, makes it a poor radiator at that frequency. 
Hence, the mutual coupling between the antennas will be lowered remarkably in comparison to 
the case, wherein the antennas are dramatically coupled with no metasurface cloaks.  
 
Figure 3.12 Snapshots of the electric field distributions of Antenna I at 2.95 GHz for (a) isolated, 
(b) uncloaked, and (c) cloaked cases. Snapshots of the electric field distributions of Antenna II at 
3.35 GHz for (a) isolated, (b) uncloaked, and (c) cloaked cases. 
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Figure 3.13 Cross-section view of the snapshots of the electric field distributions of Antenna I at 
2.95 GHz and 𝑧 = 25 mm for (a) uncloaked and (b) cloaked cases.  
 
Figure 3.14 Current distributions of Antenna I at 2.95 GHz for (a) isolated, (b) uncloaked, and (c) 
cloaked cases. Current distributions of Antenna II at 3.35 GHz for (a) isolated, (b) uncloaked, and 
(c) cloaked cases. 
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Figure 3.15 Total efficiencies of the antennas for the isolated, uncloaked, and cloaked cases. 
3.3.2 Scenario II – Reduction of Far-field Coupling 
In this sub-section, our objective is to investigate the coupling effect between the antennas 
located in the far-field region of each other, and present the applicability of the same cloak 
structures introduced previously and show how these confocal and conformal elliptical 
metasurfaces are able to lower the far-field coupling between the antennas and their presence leads 
to the restoration of the radiation patterns of the microstrip-fed monopole antennas. In a similar 
way to Section A, initially, we supposed to have the antennas in the isolated case (Figure 3.16) 
with 𝑀 = 97 mm, and all other parameters are the same as the ones mentioned in Scenario I. Due 
to the change in the size of the non-symmetric ground plane structure of the antennas, their S-
parameters and radiation patterns will be different from the ones presented in the previous section 
as shown in Figure 3.17 and Figure 3.18. 
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Figure 3.16 Schematics of (a) the isolated microstrip-fed monopole Antenna I at 3 GHz, and (b) 
the isolated monopole Antenna II at 3.33 GHz. (c) The bottom view of the antennas. 
 
Figure 3.17 Reflection coefficients at the input ports of Antenna I and Antenna II for the isolated 
case. 
 
Figure 3.18 3-D linear gain patterns of the isolated (a) Antenna I at 3 GHz and (b) Antenna II at 
3.33 GHz. 
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Now, we place both of the antennas on the same substrate with a separation of 𝑑 =  0.5 𝜆1 
(𝜆1 is the wavelength related to Antenna I) at 𝑓 =  3 GHz (Figure 3.19(a)). To examine the 
consequence of this configuration in terms of radiation pattern, the 3-D linear gain patterns of the 
antennas are shown in Figures 3.19(b) and 3.19(c).  
 
 
Figure 3.19 Schematics of microstrip-fed monopole Antenna I (left) and Antenna II (right) for the 
coupled but uncloaked case. 3-D linear gain patterns of (b) Antenna I at 3 GHz and (c) Antenna II 
at 3.33 GHz. 
It can be clearly seen that the presence of the antennas changes the gain pattern of each 
antenna intensively in such a way that the pattern becomes highly directive. In fact, since the 
resonance frequencies of the antennas are close to each other, with a separation of half-wavelength 
for Antenna I and near to half-wavelength for Antenna II, this configuration of the antennas results 
in an array-type radiation pattern, which is not of interest for these microstrip-fed antennas that are 
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supposed to operate individually and radiate in such a way that their own radiation patterns 
encounter no change. To suppress the resulting far-field coupling between the antennas and restore 
their radiation patterns, we cover each antenna with the same cloak structure in Section A as shown 
in Figure 3.20 with the parameters of the metaurfaces the same as the ones in Scenario I. The 3-D 
linear gain patterns of the antennas and their S-parameters are shown in Figure 3.21. Similar to the 
previous scenario, it is obvious that cloaking the antennas by the conformal metasurfaces provides 
mutual coupling reduction, and thus, restores their radiation patterns as if they were isolated. It is 
worth pointing out that the mutual scattering parameter (𝑆12) of the antennas have been improved 
about 35.6 dB and 29 dB for Antenna I at 𝑓 = 2.98 GHz and Antenna II at 𝑓 = 3.36 GHz, 
respectively, verifying the fact that the far-field coupling between the microstrip-fed monopole 
antennas is reduced drastically. In addition, the coupling suppression provides extremely high 
similarity between the 3-D gain patterns of the antennas in the cloaked case to the isolated case as 
illustrated in Figures 3.21(b) and 3.21(c). Also, the 2-D linear gain patterns of the antennas for the 
isolated, coupled but uncloaked, and cloaked cases are plotted in Figure 3.22 in the H-plane (𝑥𝑦-
plane) and E-plane (𝑥𝑧-plane) at 𝑓 = 2.98 GHz and 𝑓 = 3.36 GHz for Antenna I and Antenna II, 
respectively. The 2-D gain plots explicitly demonstrate that each of the antennas is affected by the 
presence of the other neighboring antenna in the uncloaked case and its radiation pattern is totally 
perturbed and highly directive, and thus, the antenna no longer can provide the desired radiation 
pattern as in the isolated case. However, in the cloaked case, the cloaks cancel this effect and make 
the antennas invisible to each other in a way that their patterns are recovered and improved. 
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Figure 3.20 Schematics of Antenna I and Antenna II for the cloaked case.  
 
 
Figure 3.21 (a) S-parameters of the antennas for the coupled but uncloaked case and cloaked case. 
3-D linear gain patterns of (b) Antenna I at 2.98 GHz and (c) Antenna II at 3.36 GHz. 
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Figure 3.22 2-D linear gain patterns of Antenna I at 2.98 GHz (a) in the H-plane and (b) in the E-
plane. Linear gain patterns of Antenna II at 3.36 GHz (c) in the H-plane and (d) in the E-plane.  
Here, we present the time snapshots of the electric field distributions of the antennas in 
Figure 3.23 in order to show how the elliptically shaped metasurfaces change the distribution due 
to the cloaking phenomenon. A careful study of the distributions reveals the fact that by making 
the antennas invisible to each other, realized by wrapping the radiators with their own suitable 
metasurface cloaks, the perturbation of the radiating electric fields of each antenna will be 
resolved. Consequently, the electric field distribution for each antenna will resemble the one in the 
isolated case and the antennas do not sense the presence of each other. In contrast to this 
phenomenon, in the uncloaked case, the fields become intensively disturbed and a high level of 
mutual coupling will dominate the performance of each antenna. Besides, in Figure 3.24, a cross-
section view of the electric field distributions of Antenna I at 𝑧 = 25 mm is shown, wherein 
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Antenna I is active but Antenna II is passive. It is obvious that, in the cloaked case, Antenna II, 
which is covered by the conformal cloak designed for the resonance frequency of Antenna I, 
becomes hidden from the incoming waves originated from the excitation of Antenna I. However, 
in the uncloaked case, these electric fields will couple to the radiator of Antenna II, and 
undesirably, it receives the power transmitted by the other antenna.   
Also, to conduct an investigation into the current distributions of the antennas and compare 
their behaviors for different cases in order to understand the effectiveness of the proposed cloaks 
more profoundly, the currents of the antennas for the top view are shown in Figure 3.25. It is worth 
noting that the mutual coupling and power interaction between the planar monopole antennas result 
in the induction of a surface current on the radiating element of the other neighboring antenna in 
the uncloaked case, and then, this current will be transferred to the port through the feed line and 
exacerbate the input impedance characteristics of it. On the other hand, the elliptical cloak structure 
of each antenna compensates the unwanted induced surface current by creating anti-phase surface 
currents, and thus, the input port of the neighboring antenna will not receive any signal. 
Accordingly, by suppressing the coupling between the antennas, provided by the mantle cloaks, 
the surface currents of the antennas will be similar to their currents in the isolated case. Besides, 
the total radiation efficiencies of the antennas are plotted in Figure 3.26. It is of paramount 
importance that by cloaking the antennas with the aforementioned properly designed elliptical 
metasurfaces, the total efficiency of each antenna will be reduced significantly at the resonance 
frequency of the other antenna and may be improved at its own resonance frequency, and thus, the 
antenna becomes a poor radiator at the frequency of the neighboring antenna, and at the same time, 
radiates similarly to the isolated case at its resonance frequency. Consequently, the presence of the 
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metasurfaces leads to the suppression of the far-field coupling between the antennas. 
 
Figure 3.23 Snapshots of the electric field distributions of Antenna I at 2.98 GHz for (a) isolated, 
(b) uncloaked, and (c) cloaked cases. Snapshots of the electric field distributions of Antenna II at 
3.36 GHz for (a) isolated, (b) uncloaked, and (c) cloaked cases. 
 
Figure 3.24 Cross-section view of the snapshots of the electric field distributions of Antenna I at 
2.98 GHz and 𝑧 = 25 mm for (a) uncloaked and (b) cloaked cases.  
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Figure 3.25 Current distributions of Antenna I at 2.98 GHz for (a) isolated, (b) uncloaked, and (c) 
cloaked cases. Current distributions of Antenna II at 3.36 GHz for (a) isolated, (b) uncloaked, and 
(c) cloaked cases. 
 
Figure 3.26 Total efficiencies of the antennas for the isolated, uncloaked, and cloaked cases.  
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3.4 Conclusion 
In this chapter, we have proposed the use of the mantle cloaking method in order to make 
planar antennas invisible to each other, and thus, to suppress the mutual near-field coupling and 
far-field coupling drastically between two microstrip-fed monopole antennas in printed 
technology. It has been shown that by covering each antenna with an appropriately designed 
confocal elliptically shaped metasurface cloak, partially inserted in the substrate, the near-field 
coupling between the antennas has been reduced 25.5 dB and 29.5 dB, and the far-field coupling 
has been lowered 35.6 dB and 29 dB in terms of the mutual scattering parameter (𝑆12). 
Consequently, the matching characteristics and radiation patterns of the antennas have been 
improved and recovered in a way that the antennas in the cloaked case operate similarly to the 
isolated case.  
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APPENDIX 
 
Here, we present the analytical formulation of the electromagnetic scattering problem in 
detail. For the sake of brevity, we present the analytical expressions only for the metallic elliptical 
cylinder shown in Figure 1.1(c). The boundary conditions are as following: 
𝐸𝑧
𝑡|𝑢=𝑢1 = 0                                                       (A.1) 
𝐸𝑧
𝑖 |
𝑢=𝑢0
+ + 𝐸𝑧
𝑠|𝑢=𝑢0+ = 𝐸𝑧
𝑡|𝑢=𝑢0−                                        (A.2) 
𝐸𝑧
𝑡|𝑢=𝑢0− = 𝑍𝑠 [𝐻𝑣
𝑖 |
𝑢=𝑢0
+ + 𝐻𝑣
𝑠|𝑢=𝑢0+ − 𝐻𝑣
𝑡|𝑢=𝑢0−].                          (A.3)            
Then, by considering the electric and magnetic fields presented in equations (1.4), (1.5), 
(1.6), (1.7), and the boundary conditions we obtain:         
𝑏𝑝𝑚𝐽𝑝𝑚(𝑞1, 𝑢1 , 𝑛) + 𝑐𝑝𝑚𝑌𝑝𝑚(𝑞1, 𝑢1 , 𝑛) = 0                                      (A.4) 
√8𝜋 ∑ 𝑗−𝑛[
𝐽𝑝𝑚(𝑞0,𝑢0 ,𝑛)
𝑁𝑝𝑚(𝑞0,𝑛)
𝑛 +𝑎𝑝𝑚𝐻𝑝𝑚
(1)(𝑞0, 𝑢0 , 𝑛)] ×  𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛) = 
√8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚𝐽𝑝𝑚(𝑞1, 𝑢0 , 𝑛) + 𝑐𝑝𝑚𝑌𝑝𝑚(𝑞1, 𝑢0 , 𝑛)]𝑛  ×  𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)   
(A.5) 
𝑍𝑠 {
𝑗√8𝜋
𝜔𝜇ℎ
∑ 𝑗−𝑛 [
𝐽′𝑝𝑚(𝑞0,𝑢0 ,𝑛)
𝑁𝑝𝑚(𝑞0,𝑛)
  + 𝑎𝑝𝑚𝐻𝑝𝑚
(1) ′(𝑞0, 𝑢0 , 𝑛)] × 𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) 𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛) −𝑛
𝑗√8𝜋
𝜔𝜇ℎ
∑ 𝑗−𝑛 [𝑏𝑝𝑚𝐽
′
𝑝𝑚
(𝑞1, 𝑢0 , 𝑛) + 𝑐𝑝𝑚𝑌
′
𝑝𝑚(𝑞1, 𝑢0 , 𝑛)] × 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛)𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛)𝑛 }  
= √8𝜋 ∑ 𝑗−𝑛[𝑏𝑝𝑚𝐽𝑝𝑚(𝑞1, 𝑢0 , 𝑛) + 𝑐𝑝𝑚𝑌𝑝𝑚(𝑞1, 𝑢0 , 𝑛)]𝑛  × 𝑆𝑝𝑚(𝑞1, 𝑣, 𝑛)𝑆𝑝𝑚(𝑞0, 𝜑, 𝑛) .   
(A.6) 
It should be noted that the prime indicates the derivative of the functions with respect to 
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the variable 𝑢. 
Then, we multiply both sides in equations (A.5) and (A.6) by the Mathieu angular function 
𝑆𝑝𝑚′(𝑞0, 𝑣, 𝑛) and use the orthogonality relations of angular Mathieu functions in order to obtain 
three independent equations by considering the normalization and correlation factors provided in 
Ref. [44] as below: 
∫ 𝑆𝑝𝑚′(𝑞0, 𝑣, 𝑛)
2𝜋
0
𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) = 𝑁𝑝𝑚(𝑞0, 𝑛) 𝛿𝑚𝑚′                       (A.7.1) 
∫ 𝑆𝑝𝑚′(𝑞0, 𝑣, 𝑛)
2𝜋
0
𝑆𝑝𝑚(𝑞0, 𝑣, 𝑛) = 𝛾𝑝𝑚(𝑛) 𝛿𝑚𝑚′ .                             (A.7.2) 
where  𝛿𝑚𝑚′ equals 1 if 𝑚 = 𝑚
′and equals 0 otherwise. On the other hand, by considering the 
scale factor equal to ℎ = 𝐹√cosh2 𝑢 − cos2 𝑣, we define two more co- and cross- factors 
𝑁𝑝𝑚
∗ (𝑞0, 𝑛) and 𝛾𝑝𝑚
∗ (𝑛) as follows: 
∫
𝑆𝑝𝑚(𝑞0,𝑣,𝑛) 𝑆𝑝𝑚′
(𝑞0,𝑣,𝑛)
√cosh2 𝑢0−cos2 𝑣
2𝜋
0
𝑑𝑣 = 𝑁𝑝𝑚
∗ (𝑞0, 𝑛) 𝛿𝑚𝑚′                             (A.7.3) 
∫
𝑆𝑝𝑚(𝑞1,𝑣,𝑛) 𝑆𝑝𝑚′
(𝑞0,𝑣,𝑛)
√cosh2 𝑢0−cos2 𝑣
2𝜋
0
𝑑𝑣 = 𝛾𝑝𝑚
∗ (𝑛) 𝛿𝑚𝑚′                                  (A.7.4) 
Finally, we come to a matrix equation for each order 𝑛:   
𝐴 𝑋 = 𝐵                                                                (A.8.1) 
where the matrices 𝑋 (the matrix of unknown coefficients to be found) and 𝐵 are, 
𝑋 = [
𝑎𝑝𝑚
𝑏𝑝𝑚
𝑐𝑝𝑚
], 𝐵 =
[
 
 
 
 
0
−
𝐽𝑝𝑚(𝑞0,𝑢,𝑛)
𝑁𝑝𝑚
−
𝐽′𝑝𝑚(𝑞0,𝑢,𝑛)
𝑁𝑝𝑚 ]
 
 
 
 
                                          (A.8.2) 
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and the matrix A can be written as:  
𝐴 = [
𝐴11 𝐴12 𝐴13
𝐴21 𝐴22 𝐴23
𝐴31 𝐴32 𝐴33
]                                                        (A.8.3) 
with 
𝐴11 = 0                                                                          (A.8.4) 
𝐴12 = 𝐽𝑝𝑚(𝑞1, 𝑢1 , 𝑛)                                                      (A.8.5) 
𝐴13 = 𝑌𝑝𝑚(𝑞1, 𝑢1 , 𝑛)                                                     (A.8.6) 
𝐴21 = 𝐻𝑝𝑚
(1)(𝑞0, 𝑢0 , 𝑛)                                                    (A.8.7) 
𝐴22 = −
𝛾𝑝𝑚
𝑁𝑝𝑚
𝐽𝑝𝑚(𝑞1, 𝑢0 , 𝑛)                                           (A.8.8) 
𝐴23 = −
𝛾𝑝𝑚
𝑁𝑝𝑚
𝑌𝑝𝑚(𝑞1, 𝑢0 , 𝑛)                                           (A.8.9) 
𝐴31 = 𝐻𝑝𝑚
(1) ′(𝑞0, 𝑢0 , 𝑛)                                                  (A.8.10) 
𝐴32 = −
𝛾𝑝𝑚
∗
𝑁𝑝𝑚
∗  𝐽
′
𝑝𝑚
(𝑞1, 𝑢0 , 𝑛) +
𝛾𝑝𝑚
𝑁𝑝𝑚
∗
𝑗𝜔𝜇𝐹
𝑍𝑠
𝐽𝑝𝑚(𝑞1, 𝑢0 , 𝑛)             (A.8.11) 
𝐴33 = −
𝛾𝑝𝑚
∗
𝑁𝑝𝑚
∗ 𝑌
′
𝑝𝑚(𝑞1, 𝑢0 , 𝑛) +
𝛾𝑝𝑚
𝑁𝑝𝑚
∗
𝑗𝜔𝜇𝐹
𝑍𝑠
𝑌𝑝𝑚(𝑞1, 𝑢0 , 𝑛).            (A.8.12) 
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